Complex Numbers

Lecture 1

Number systems
Positive numbers, P={1,23...}
Natural numbers, N={0123,...}

Integers (or whole numbers), z={..-3-2-10123,..]

Rational numbers, Q= {%

me Z,ne P}

Real numbers, R=Qu{...,x/§ ,,,,, €., Tyny 2}

New system: complex numbers

Imaginary numbers

x?+1=0;x?
U
x?=-1
! postulate

i2=-1 or i=+-1

Imaginary numbers:axi,ae R

Complex numbers

c=a+bxi =a+bi,wherea,be R

set of complex numbers: C

Algebra of complex numbers

Definition : ¢ — (a,b) ordered pair of reals
real numbers: a- (a,0)
imaginary numbers: b (0,b), eg. i~ (01)

Addition: (a,,b,)+(a,,b,)=(a, +a,,b, +b,)

Multiplication : (a,,b,)x (a,.b,) = (a, b, Xa,.b,) =
= (aiaz - b1b2,31b2 + azbl)

Algebra (cont’d)

« Addition and multiplication are commutative:
C,+C,=C,+C, and ¢ xC,=C,XC,

* They are also associative:

(e, +c,)+c,=c+(c, +c;) and (¢ xc,)xc, =c x(c, xc,)

« Multiplication distributes over addition:
¢, x(C, +¢5)= (¢, x¢,)+ (¢, xcy)




Algebra (cont'd)

Subtraction:¢, — ¢, = (a,b,)-(a,,b,)= (a8, —a,,b, —b,)

a.h)
azvbz)

—_

Division:(x,y)=

—_

= (a'lrb1): (X, y)x(azvbz): (azxszyvazy"'bzx)

So (1) a=a,x-b,y xa,= (L) aa,=a,’x-b,ay
(@ b =a,y+b,x xb,= (2) bb,=a,b,y+b,’x

(1)+(2) aa, +bb, = (a7 +b2 )k = x= 2B ¥EE:

a,’ +h,’
—-ab.

Intheway : (1)xb, +(2)x-a, :y:azbgaizzj
a,” +b,

Algebra (cont'd)

» Absolute value for real numbers:
2
ld=+Va
» Generalization for complex numbers:

c =[a+bi| = +va* +b?
6 =[a+bif =+

modulus of a complex number

Algebra (cont’d)
ce,| =lec,|
e+ ¢ <[e|+[c|
c+(00)=(00)+c=c = (0,0)isadditiveidentity

cx(L0)=(@0)xc=c = (L0)ismultiplicetiveidentity

Algebra (cont’d)

e Summarizing, defined a set of numbers C with 4
operations and following properties:
1) Addition is commutative and associative
2) Multiplication is commutative and associative
3) Addition has identity: (0,0)
4) Multiplication has identity: (1,0)
5) Multiplication distributes with respect to addition
6) Subtraction (i.e., inverse of addition) is defined everywhere
7

Division (i.e., inverse of multiplication) is defined everywhere
except when the divisor is zero.

« —»Cisa
— field

— algebraically complete: contains all solutions for any of its
polynominal equations (R is not)

Algebra (cont’d)

« Unary operation ‘changing sign’:
1) change the sign of the real part
2) change the sign of the imaginary part
3) change both

e 3)is obtained by multiplication with (-1,0)
«  What about 2) and 1)?

Algebra (cont’d)

» Conjugation

Theconjugateof c=a+bi is €=a-hi.
» Properties:

Conjugation respectsaddition: ¢, + ¢, = ¢, + ¢,

Conjugation respects multiplication : ¢, x ¢, = ¢, xc, | fieldisomorphism
Conjugation ¢ > Cishijective

» Changing the sign of the real part has no
particular name.




Geometry of complex numbers

Complex or Argand plane Vector 3 +4i

Modulus is the length of the vector

Geometry (cont'd)

Addition: Parallelogram rule

Subtraction

Geometry (cont’d)

» Cartesian representation (a,b)

 Polar representation (p,6), where p represents
the modulus/magnitude, and 6 is called the
angle/phase

p=0

Points with same p 0<é<2rn

Points with same 6

Geometry (cont’d)

p=4@®+b’
From Cartesian — polar b
0= tan’l(—j

a=pcodd)

From polar — Cartesian .
b=psin(g)

Geometry (cont’d)

—|2+Dl

Multiplication :(p1r01)><(p2102): (p1p21€1 +92)

Errata chapter 1

1. Page. xv. Section ACKNOLWEDGMENTS should be ACKNOWLEDGE-
MENTS. Alex Sverdlov, 10/26/2008.

2. Page 325: Equation (B.3) should be

let]|e2| = \qu-%+ b’%\/«% + b3 = V‘[(t'{) +b3) (a3 + 13)

—_—
V“u'lzrrg + B3al + BhE + albd = /(agay — bibg )+ (agby + aghy)?

[(aqag — byba, ayhy + asby)| = |erea).




Reading

 This lecture: chapter 1, p 7-20

» Next lecture (next week?):
chapter 2 Complex Vector Spaces




