Complex Numbers

Lecture 1

Number systems
Positive numbers, P={123...}
Natural numbers, N={0123...}

Integers (or whole numbers), z={.. 5 3 2 101,23,...]

Rational numbers, Q= {%

me Z,ne P}

e
Real numbers, R:Qu{... J2,.. eﬂ;}

New system: complex numbers

Imaginary numbers

X+ 1= O;x?
U
x?=-1
! postulate

iZ=-1o0r i=+4-1

Imaginarynumbersaxi,ae R

Complex numbers

c=a+bxi=a+bhi,wherea,be R

setof complexnumbers C

Algebra of complex numbers

Definition :c > (a,b) orderedpair of reals
realnumbers a +— (a,0)
imaginarynumbersb— (0,b), e.g.i — (01)

Addition : (a,,b, )+ (a,,b,) = (a, + a,,b, +b,)

Multiplication : (a,, b, )x (a,,b,) = (a;b,a,,b,) =
= (alaz_ b, ab, + aZbl)

Algebra (cont’d)

Addition and multiplication arecommutative:
C,+C,=C,+C, and ¢, xXC,=C,XC,

They are alsoassociative:

(¢, +¢))+c,=¢ +(c,+¢c,) and (¢, xc,)xc, =¢, x(c,xc;)

Multiplicationdistributes over addition:

c x(c,+¢5)=(c; %6, )+ (¢ xcy)




Algebra (cont'd)

Subtraction:c, — ¢, = (a,,b,) - (a,,b,) = (a, —a,,b, - b,)
a,b)
azvbz)

—_

Division :(x,y) =

—_

= (a11b1) = (X, y)x(azvbz): (azx_bzyvazy+ bzx)

So (1) a,=a,x-by xa,= (1) aa =a,x-bay
(2) by=a,y+b,x xb,= (2) bb, =ab,y+b,’x

1)+ @) ag, +bb, = (0,2 +b, )k = x= 220D

Algebra (cont'd)

» Absolute value for real numbers:
2
ld=+Va
* Generalization for complex numbers:

c = [a+bi| = +va* +b?
6 =[a+bif =+

3, +b,’ :| modulus of a complex number
a2b1731b2
In theway : (1)xb, + (2)x-a, = Y—W
Algebra (cont’d) Algebra (cont’d)
* Summarizing, defined a set of numbersC with 4
C:le.| = e,

6+ co[ < e +[c
c+ (00)= 00)+c=c = (00)isadditiveidentity

cx L0)= (L0 xc=c = (L0)is multiplicativeidentity

operations and following properties:

1) Addition is commutative and associative

2) Multiplication is commutative and associative

3) Addition has identity: (0,0)

4) Multiplication has identity: (1,0)

5) Multiplication distributes with respect to addition

) Subtraction (i.e., inverse of addition) is defined everywhere
)

Division (i.e., inverse of multiplication) is defined everywhere
except when the divisor is zero.

~N O

+« —»Cisa
— field

— algebraically complete: contains all solutions for any of its
polynominal equations (R is not)

Algebra (cont’d)

Unary operation ¢hanging sign’:
1) change the sign of the real part
2) change the sign of the imaginary part
3) change both

3) is obtained by multiplication with (-1,0)
What about 2) and 1)?

Algebra (cont’d)

» Conjugation
Theconjugateof c=a+bi is t=a-hi.
* Properties:
Conjugatio respectsddition: ¢, + ¢, = ¢, +¢,

Conjugatio respectsnultiplication : ¢, x ¢, = ¢, Xc, | fieldisomorphisn
Conjugatio ¢ T is bijective

« Changing the sign of the real part has no
particular name.




Geometry of complex numbers

Vector 3 + 4j

Complex or Argand plane

Modulus is the length of the vector

Geometry (cont'd)

Addition: Parallelogram rule

Subtraction

Geometry (cont’d)

Cartesian representation &,b)

Polar representation p,6), where p represents
the modulus/magnitude, and 6 is called the
angle/phase

p=0

0<6<2x

Po{nts writi] same p

Points with same 6

Geometry (cont’d)

p=4@+b?
FromCartesian- polar b
0= tan’l(—j

a=pcod6)

Frompolar— Cartesian .
b= psin(g)

Geometry (cont’d)

—|2+Dl

Multiplication :(p,,6,)x(0,,8,) = (00,6, +6,)

Errata chapter 1

1. Page. xv. Section ACKNOLWEDGMENTS should be ACKNOWLEDGE-
MENTS. Alex Sverdlov, 10/26/2008.

2. Page 325: Equation (B.3) should be

lerlleal = yfad 4 53y /ad 4 0 = (e 4 ) (03 4 83)

= v‘rf%ug + b3a3 + BhE - altE = /{agag — bibg )+ (ayby + aghy)?

= |(a1as — byba, ayhy + asby )| = |z




Reading

e This lecture: chapter 1, p 7-20

* Next lecture (next weel):
chapter 2 Complex Vector Spaces




Complex Vector Spaces

Lecture 2

c Cnas an example
s iC\.\.\.

*« C4=CxCxCxC, the vectors of length 4
6-4i
* Eg 7+3
V= . |y whereV [1]= 7+ 3 (start withOasindex)
42-81i
-3

« Addition (V + W)[j] = V[j] + W[j]
— Commutative V+W =W +V
— Associative (V + W) + X =V + (W + X)
— Zerovector V+0=0+V=V
— (Additive) inverse or negative W + (-W) = (-W)+W =0
Set with these properties is called an Abelian group.

Complex vector space

* Complex number c (a scalar)

» Multiplication of a scalar and a vector (c - V)[j] = ¢ x V[j],
where x is the complex multiply

* Properties
-1-V=V
= G (CyrV)=(cyxCy) -V
—c (V+tW)=c-V+c- W
- (cy*+¢c,)V=c,"V+c, VvV
An Abelian group with these properties is called a
complex vector space.

Formal definition

A complex vector space is a nonempty set V, whose elements we call vectors,
with three operations
— Addition: +:VxV —V
— Negation: —:V -V
—  Scalar multiplication: - : Cx V — V
and a distinguished element called the zero vector 0.

They must satisfy the following properties:

i.  Commutativity of addition: V + W =W +V

ii. Associativity of addition: (V + W) + X =V + (W + X)

iii. Zerois an additive identity: V+0=V=0+V

iv. Every vector has an inverse: V + (-V)=0 = (-V) + V

v. Scalar multiplication has a unit: 1 -V =V

vi. Scalar multiplication respects complex multiplication: ¢, - (c,* V) = (¢, x ¢,) - V

vii. Scalar multiplication distributes over addition: ¢ - (V+W)=c-V+c-W

viii. Scalar multiplication distributes over complex addition: (c; +¢,)- V=c;-V +¢,-V

Properties i, ii, iii, and iv: Abelian group;
all properties: complex vector space.

Real vector space

A real vector space is a nonempty set V,
analogue to a complex vector space, but there is
a scalar multiplication that uses R and not C, i.e.,

“:RxV - V.

This set and these operations must satisfy the
analogous properties of a complex vector space.

Cn

» Cn, the set of vectors of length n with complex
entries, will be complex vector space that serves
as primary example for the class.

« Itis also a real vector space, because every
complex vector space is also a real vector
space.

* Rn, the set of vectors of length n with real
entries, is a real vector space.




men

Cmxn the set of all m-by-n matrices with complex
entries, is a complex vector space.

Ae Cmxn Co G " Gm
.
Gro Gon " G,

Addition: (A + B)[j,k] = A[j,k] + B[j,k]
Inverse: (-A)[j,k] = —(A[j,K])
Scalar multiplication: (c - A)[j,k] = ¢ x A[j,k]

Operations on matrices

» The transpose of A, denoted AT, is defined as

AT = Alk,]

* The conjugate of A, denoted A, is defined as

Alj.K] = ALK

» Combined gives this the adjoint or dagger operation Af,

defined as

AT = (A)T = (AT) or AT[j,K] = Alk,j]

Properties

Transpose is idempotent: (AT)T = A
Transpose respects addtion: (A + B)T = AT + BT
Transpose respects scalar multiplication: (c - A)T =c - AT

Conjugate is idempotent: A=A L
Conjugate respects addtion: A+ B=A+B _
Conjugate respects scalar multiplication: c - A=¢- A

Adjoint is idempotent: (AT)t = A
Adjoint respects addtion: (A + B)f = At + Bf
Adjoint respects scalar multiplication: (c - A)f =¢ - At

Matrix multiplication

» Matrix multiplication is a binary operation

* . Cmxnyx Cnxp — Cmxp

e Formally

n-

(A=B)j,k]=>"(Alj,h]xBlh,k])

=0

,_.

=

* When it is clear * will be omitted.

Properties of matrix multiplication

- Associative: (A*B)*C=A* (B*C)

I, as unit: |, * A=A =A™ with | identity matrix

Distributes over addition:
A*(B+C)=(A*B)+(A*C)
(B+C)*A=(B*A)+(C*A)

Respects scalar multiplication:
c-(A*B) =(c-A)*B=A*(c'B)

Relates to the transpose: (A * B)T = BT * AT
Respects the conjugate: A*B=A*B
Relates to the adjoint: (A * B)f = BT * AT
Note: commutativity is not a basic property!

A complex vector space V with a multiplication * that satisfies the first four properties
is called a complex algebra.

Complex subspace

* Given two complex vector spaces V and V', we

say that V is a complex subspace of V' if Vis a
subset of V and the operations of V are
restrictions of operations of V.




Linear map/operator/isomorphism

Let V and V’ be two complex vector spaces. A linear map from V to V' is
a function f: V — V’ such that

— frespects addition: f(V,+V,) = f(V,) + f(V,)

— frespects the scalar multiplication: f(c-V) = c-f(V)

A linear map from a complex vector space to itself is called an operator.
If F(V) = A*V is an operator, we say that F is represented by A.

Two complex vector spaces V and V'’ are isomorphic if there is a one-to-
one linear map f: V — V. Such a map is called an isomorphism. When
two vector spaces are isomorphic, it means that the names of the
elements of the vector spaces are renamed but the structure of the two
spaces are the same. Two such vector spaces are “essentially the
same”.

Basis

Linear combination:
V=co Vot Vit +c V.

Linearly independent if
0=co Vot cy- Vit - +C Vo,
implies that ¢;=c,=- - - =¢,,=0.

Is equivalent that for any nonzero V there are unique coefficients
Cp» Cq, *  , Coq SUCh that
V=cy Vote, Vit +c V.

Aset B ={V,, V,, ..., V,4} of vectors is called a basis of a
(complex) vector space V if both

i. Every V can be written as a linear combination of vectors from B
ii. Bis linearly independent.

Canonical or standard basis

. R3: 1][0][0
ol|1]|o
o/|o]|1
e C"(and R"): 1 o o o
E=0 E = E _|: E —E.
0 - rees Ep2 1 ™t 0
0 0 0 1

* See book for matrices and others.

Dimension

Bases for R3, e.g.:

1//0(|0 1/{0(|0 1((2| 3
0f/1},/0 1/,/1},/0 0l1-2
0|[0]|1 1|11 -1](2|[ O

For every vector space, every basis has the
same number of vectors. This is called the
dimension of the vector space.

Transition matrix

» A change of basis matrix or a transition matrix
from basis B to basis D is a matrix Mp,_g such
that for any vector V we have

Vp=Mp._g* Vg

* Important example: Hadamard matrix

1 1
ap G B

(| H—ﬁ[l fl}i,i m—
V2 42

Inner product

Inner product (or dot product or scalar product) on a complex vector
space V is a function
(--):VxV >C
satisfying the following conditions
i.  Nondegenerate (V,V)=0,
(V,V) =0 ifandonlyif V=0
i. Respects addition (V, +V,,V,)=(V,,V,)+(V,,V,),

(Vi Vo + V) =V, V) + (V)L V).
iii. Respects scalar multiplication (c-V,,V,)=Ctx(V,,V,),
(V1,6 V,) =ex(Vy,V,).

iv. Skew symmetric
<V1~V2> = <V2'V1>




Examples
R":(V,,V,) =V, *V,

CM iV, V,) =V, +V,

C™ :(A,B)=TracdA" +B), whereTracdC) = nZﬁlc[i ]
i=0

See book for other examples

Norm or length

Norm or length is a function | |:V —>R
defined as |v|=,/(V,V)

i.  Norm is nondegenerate: |V|>0if V #0and0/=0
ii. Norm satisfies the triangle inequality: [V +W| < |V|+|W|
iii. Norm respects scalar multiplication: |c- V| =|dx|V]|

Distance function

Distance function is a function d(,):VxV >R
where d(V,,V,)=|V,-V,|=(V,-V,,V,-V,)

Distance is nondegenerate:
d(V,wW)>0if VW andd(V,V)=0
ii. Distance satisfies the triangle inequality:
d(U,V)<d(U,wW)+d(wW,V)
iii. Distance is symmetric:
d(v,w)=d(w,V)

Orthogonal and orthonormal basis

» Orthogonal basis B = {V,V,,...,V,.1}:

vectors pairwise orthogonal j # k implies<VJ ,Vk> =0

* Orthonormal basis B:
orthogonakndeverybasisvectoris of norml

V2 1
\2 i
V2 1

1
Not orthogonal Orthogonal but Orthonormal
not orthonormal

Hilbert space

* A Hilbert space is a complex inner product space
that is complete (for definition see book).

 Every finite-dimensional complex vector space
with an inner product is automatically a Hilbert
space.

Errata chapter 2

All errata:
http://www.cambridge.org/resources/0521879965/7337_Errata.pdf

This link will be available soon on the QC-webpage.




Reading

* This lecture: Ch 2.1-2.4, p 29-60.

* Next lecture: Ch 2.5-2.7 & (start of) Ch 3.




Math background

The Leap from Classical to
Quantum

Lecture 3

Eigenvalues and eigenvectors

¢ For a matrix A in C™xn_if there is a number ¢
in C and a vector V # 0 within C"such that
AV =c-V, then c is called an eigenvalue of A
and V an eigenvector of A associated with c.

» Some matrices have many eigenvalues and
eigenvectors and some matrices have none.

Eigenspace

If A has eigenvalue c, with eigenvector V, then for any c€ C we
have

A(cV,) = cAV, = ccyV,, = ¢y(cV,)
which shows that cV,, is also an eigenvector of A with eigenvalue c,.
If ¢V, and c'V,, are two such eigenvectors, then because of
A(CVyt c'Vp) = AcVy+A €'V, = CAV + C'AV,

=C(CoVy) + €'(CVy) = (€ + C)(CyVy) = Co(C+c)) Vg

we see that the addition of two such eigenvectors is also an
eigenvector.

Therefore, every eigenvector determines a complex subvector space
of the vector space. It is known as the eigenspace associated with the
given eigenvector.

Hermitian matrices

« Annxnmatrix A is called hermitian if A" = A. In other words A[j,K] = ALk,j].
« If Ais a hermitian matrix then the operator that it represents is called self-adjoint.

+ If Alis a hermitian n x n matrix, we have <AV,V'> = <V,AV">,

If A'is hermitian, then all eigenvalues are real.

For a given hermitian matrix, distinct eigenvectors that have distinct eigenvalues are
orthogonal.

A diagonal matrix is a square matrix whose only nonzero entries are on the diagonal.
Al entries off the diagonal are zero.

+  Every self-adjoint operator A on a finite-dimensional complex vector space V can be

represented by a diagonal matrix whose diagonal entries are the eigenvalues of A,
and whose eigenvectors form an orthonormal basis for V (we call this basis an
eigenbasis).

With every physical observable of a quantum system there is a corresponding
hermitian matrix. Measurements of the observable always leads to a state that is
represented by one of the eigenvectors of the associated hermitian matrix.

Unitary matrices

An n x n matrix U is called unitary if U * UT =1 .
Unitary matrices preserve inner products <UV,UV'> = <V, V'>,

Unitary matrices preserve distances d(UV,,UV,) = d(V,,V,). An operator
that preserves distances is called an isometry.

If U is unitary and UV =V, then we can easily form U and by multiplying
both sides we get UT UV = UV’ or V = U'V". In other words U' can
“undo” the action that U performs. In the quantum world all actions (that
are not measurements) are “undoable” or “reversible”.

« Most difficult, most Ej ZDE,D
essential subject! ol |an
by || | @b,
, al
+ Tensor product of :f b] |* 2 a.,lt)l:
®|b, L% 1| _
vectors &l |y, by| | 2abo
a, 2 la| by ah
b, ]| |ab,
by | aby
a;-| b ab,
L o] [ap,)

Tensor product

In generaC™x C" ismuchsmaller tanC™ ® C".




Separable versus Entangled

8

12

6 2 4

20—

plsc’=c’ec ,M® 2 separable

18

9
8 xa 8
0 al o o| o[ 1.0
. sc5:02®c3:m® bl=| X o :M@ 0 +M® 0

e [ 0 3

0 yb 0
18 yc 18

no solution! entangled: sum of tensors

Tensor product of two matrices

A®B= {ao‘o 30‘1:| ® [iuu zm Pz
“la a w0 bu by
¥ by by by,

Do bos b, boo Doy bo,

Qg0 bxo bn bl‘z Q1 bw bn bxz

_ boe by by, boo by by,

bo, Doy by, Do Doy bo,

Ao b 10 bm bm - b 10 bu b1.2

boy by by, b,o by by,

D 0@ b 018 XD g, @ oxb gy @by, ag,xD,,
b 0@ b 1@ oxb i, @ gxbi, agxby agxb,
b 208 b o @ XD 5, @ gxb,, agxby agxb,,
00@ b o @ xb g, aixbg, axby a,xb,
¥ @ xb oy a by, axby,, axb, a;xb,
D 208 b o @ xb o, aixb,, axb, a,xb,,

R
=
[=2

The Leap from Classical to
Quantum

Classical Deterministic Systems

* 6 vertices in a graph
e 27 marbles

oo [¢]

. X=[6,2,1,53,10]T

Classical Deterministic Systems

« 6 vertices in a graph
e 27 marbles

« X=[55,0,2,0,15]"

Dynamics

arrow from vertex i to vertex j: in one time click all marbles on
vertex i will shift to vertex j

os[[]]
3+

Boolean adjacency matrix M

000000 MiijJ=1 000 00O0[6] [0
000000 ’ 0000002 |0
M_|010001 1 mx| 0100011 12
000100 - “|looo100|5 |5]
0010 0 o arrowfromjtoi 0010003 1
1000 10 (see later) 10001 0]t |9




Dynamics (cont’d)

In general:
MKX[i,j] = 1 if and only if there is a path of length k from
vertex j to vertex i.

In Quantum Computing we start with an initial state (vector of
numbers), the “input” of the system. Operations correspond with
multiplying the vector with matrices. The “output” is the state of the
system when all operations are carried out.

Summing up:
— The states of a system correspond to column vectors (state vectors).
— The dynamics of a system correspond to matrices.
— To progress from one state to another in one time step, one must
multiply the state vector by a matrix.
— Multiple step dynamics are obtained via matrix multiplications.

Probabilistic systems

* Quantum mechanics:
— Inherent indeterminacy in knowledge of a state
— States change with probabilistic laws
— States transfer with a certain likelihood.

* Instead of many marbles, just look at one:
— X =[1/5, 3/10, 1/2]" corresponds with
« 1/5 chance that marble is on vertex 0
« 3/10 chance that marble is on vertex 1
« 1/2 chance that marble is on vertex 2
* sum must be 1.

Modified dynamics

13 12

]
1/6
213 1/6
5/6 13
2

1

o

Qe

AdjacencymatrixM =

wl= N ol
O ol oln

win el

doubly stochastic: Yrows =1 and Y columns=1

Symmetry

« Multiplication also on the left of a matrix with a row vector (=state vector):

15
06 6
=1 giil—Aié]—
V\/'\/|7[3033 2 6| Lo 18 1872
2 1
$30

Note: )" entriesZ =1

0% 2|s] B
MX=[4 & dlE|=|%|=Y
535 03] s
X is probability at timet
Y isprobability at timet +1
U 03 3
M=% 4 ¢ Transposed " =| 3 1 % 03 fJo s g[8 E 3
40 $t0 MM=MZ=I3 3 3d ) E=s 8
113 12 113 12 2 10210 |t 514
Oe q . 1

R
1/

o1 0 e [
6 1/6
2/3 1/6 213 1/6
5/6 13 5/6 13
arrows reversed
o2 [

=Z" MW =W™M) =27

o

MW =

ol Nl ol

O wh wiv

wv O vl
Il

Blo Blo ol

multiply on the right of M takes states from time t to time t+1
time symmetry

multiply on the left of M takes states from time t to time t-1

[
o

A

M[O,j] MI[i,0]

M[1,j] M, 1]

/

M[n-1,j] en-1  Mlin-1]

M2[i,j] = the probability of going from
vertex j to vertex i in 2 time clicks.

In general for each positive integer k, we have MX[ij] = the
probability of going from vertex j to vertex i in k time clicks.




The stochastic billiard ball

o1

o
o

1/2 1/2

o O wmk

O e mie
O wie mle

N e =

NS

112 12
start single marble in vertex 0: [1,0,0,0]"
after one time click: [0,1/2,1/2,0]"

after another time click: [1/2,0,0,1/2]"
marble acts like a billiard ball that

bounces back and forth between vertices
1,2and 0,3

1/2 1/2

L] . .
2 quantum version will follow

Probabilistic double-slit experiment (1)

I 0-1/2 R.O |
o

bullet always through one of the two slits
50% chance through top slit, 50% chance through bottom slit
three targets after each slit that can be hit with equal probability

one time click to a slit, one to a target

Probabilistic double-slit experiment (I1)

Probabilistic double-slit experiment (l11)

1 - =
D 00000000
by 1 1 O 0OO0OOOOD 00000000O Sure that we start with bullet in position 0:
AT I © 0000000 00000000 X=[10000000"
17 \ 2 00000000
BNL)! 01 010000 i1 010000 After two time clicks:
0e O B= i BxB=B’=|; ? B2X = [0,0,0,1/6,1/6,1/3,1/6,1/6]T
\y 01 001000 t3o001000
12 1 111 00100
1 1
28 Q 0 3 3 60100 i 8 i 00010 B2[5,0] = 1/6 + 1/6 = 1/3, what we expect.
6 3
}\01 00 % 00010 7% 0 % 0000 l_ In QM strange things......
0031 00O0O01
= - B2 probabilities of bullet's position after two time ticks
Summarizing Quantum Systems

* The vectors that represent states of a probabilistic
physical system express a type of indeterminacy about
the exact physical state of the system.

« The matrices that represent the dynamics express a type
of indeterminacy about the way the physical system will
change over time. Their entries enable us to compute
the likelihood of transitioning from one state to the next.

« The way in which the indeterminacy progresses is
simulated by matrix multiplication, just as in the
deterministic scenario.

* QM: weight is not a real number p
between 0 and 1, rather a complex
number ¢ such that |c|? is a real number
between 0 and 1.

* Real number probabilities can only
increase when added; complex numbers
can cancel each other and lower their
probability. This is called interference.




States and Graphs

States: not sum of entries, but the sum of the modulus squared
should be 1. § T
x=| L 2 \P
V3 415 \5

Graphs: not with real number weights, but with complex number
weights. Adjacency matrix not double stochastic, but unitary.

1 i L L 0
- il 2 2
V2, V2 -+ i
2 U=+ - 0
Coorm 3 &
1
.
2 [pio
! Li.jl*=|¢ ¢ o
o 001

1 1 o+ 52

2 2 V3 */T‘/{

= = 2i =25
UX=| % 35 O Js|=| %=

0 0 i \/% 2

note: sum of the modulus squares of Y is 1

If U is the matrix that takes a state from time t to time t+1,

then Ut is the matrix that takes a state from time t to time t-1.

V—UV-UfuvV=1LV=V

“undo” the operation

The quantum billiard ball

o1
1 1
0 5 % O
L 0 0 --L
12 A=|? 72
2 2
-1 1
N2 102 %% 0
start single marble in vertex 0: [1,0,0,0]"
Oe o3 . .
after one time click: [0,V1/2,71/2,0]™: 50-50%
N2 102 after another time click: [1,0,0,0]"
other paths cancel each other out (interference)
1N2 AA=A2=],

.2

Double-slit experiment (I)

S)
. @ (—M)/»V :
1V \
A A (-)Ne N\ ¢ 1
l O . D
i 182 oW 1
l @ 5. (1|)/v6.6v/>
3 (14)/& D)

photons follow laws of quantum physics

-1

each slit has a 50% chance of the photon’s passing through it
three measuring devices after each slit

one time click from laser to wall, one from wall to measuring devices

0

Double-slit experiment (I1)

1

(4+\)/»V'3 [0 0O 0 00O 0 O
. (»1-|)NG'D1 % 0 0 00000
1% \ L 0 0 00000

(1-)6 X i
N\ ) b_| 0 % 0 10000
\:V 0% 0 01000
"2 1 (—1—n)/v‘s'é/>1 0 X 2 00100
h 0 0 &2 00010
NS 0 0 2 00001
. | o ]

not unitary: many other paths

Double-slit experiment (I1l)

0 0 000000O 00000000
4 0 000000 1 0000000
4 0 000000 1 0000000
Sy 01010000
p_|0 % 010000 R

02 001000 01 001000
0 &% & 00100 03300100
0 0 2 00010 003 00010
00 % 00001 00300001

exactly the same as with bullets: nothing
strange happens after one time click.




Double-slit experiment (IV)

.

Explanation

Interference: waves?

0O 0O 0O 0OOOOO 000O0O0O0OOO

0O 0O 0 0O0OOOO 0000O0OO0OO

0O 0 0 0OOOOO 0000O0O0OOO .

p |3 B 010000 = j]z_g 1010000 » However, experiment can be done with a single

#® % 001000 Mjgs 001000 photon: interference!

0 & % 00100 0t 2+ 00100

# 0 % 00010 10100010

% 0 F 00001 30300001  Superposition: all positions simultaneously!
Almost exactly as B2, but one glaring .
difference: B2[5,0] = 1/3, but |P2[5,0]]2 = 0 * Measurement: no longer superposition, but

collapse to a single classical state.
Review Errata
« States in a quantum system are represented by column vectors of
complex numbers whose sum of moduli squared is 1.
All errata:

« The dynamics of a quantum system is represented by unitary
matrices and is therefore reversible. The “undoing” is obtained via
the algebraic inverse, i.e., the adjoint of the unitary matrix
representing forward evolution.

* The probabilities of quantum mechanics are always given as the
modulus square of complex numbers.

» Quantum states can be superposed, i.e., a physical system can be
in more than one basic state simultaneously.

http://www.cambridge.org/resources/0521879965/7337_Errata.pdf

This link can be found on the QC-webpage.

Reading

» This lecture: Ch 2.5-2.7 & Ch 3.1-3.3, p 60-97.

* Next lecture: Ch 3.4 & (start) Ch 4.




Assembling Systems

Basic Quantum Theory

Lecture 4

Assembling Systems

Red marble PR Blue marble s
113 1 213 1
A A
0e o1 ae~—__ b
1/6 23
2, 106 ! ) 12
/3 AdjacencymatrixN =| 7 7
5/6 13 33

o2
TypicastateX =

AdjacencymatrixM =

BPEEEF
ne O el B O &l

v whk O
O ok ol
277 7%

Dynamics: M’ x N

L e Emm—

Assembling Systems (cont’d)

1 2 5 10
38 43 5] o3 %] |00 % 5 %o
6 6 2 1 10 5
R R I EO ICCIE
12 12 12 12 1 2 1 2
—|a3 3| 1|3 3| 1|3 3B||_|9 9 & 6 18 18
MON=I3, 1| 2|2 1| 8|2 1|||2 2 2 1 2 1
3 3 3 3 3 3 9 9 6 6 18 18
1 2 1 2 1 2
{5 i:| {5 i] 0{5 §:| 248+ 200
32 1 32 1 2 1
3 53 Bl lsd s s 00
Corresponding graph Oae °0b
Cartesian product Gy, x Gy ‘m/
(only third column of tensor 1/6 v %6
product of M and N) ae e1b
19
/9
2ae ®2b

Assembling Systems (cont’d)

* Quantum theory:

— States can be combined using the tensor product of
the vectors

— Changes of the system are combined by using the
tensor product of matrices

— Important: there are many more states that cannot be
combined from “smaller” ones:
« No tensor product of smaller states
« More interesting ones
« Called entangled states

— Similar for actions

Assembling Systems (cont’d)

* Ingeneral:

— Cartesian product of an n-vertex graph with an n-vertex graph is
an (n x n’)-vertex graph.

— If we have an n-vertex graph and we are interested in m different
marbles within this system, this results in the graph with n™
vertices

G"=GXxGx:-XG
mtimes

— with the associated n™-by-n™ adjacency matrix
ME"=M;®M, ®--®@M,
&~ 6~ "¢

mtimes
» Example: bit as a two-vertex graph with a marble on the 0
vertex or a marble on the 1 vertex. For m bits with a single
marble one needs a 2™ vertex graph or a 2™-by-2™ matrix,
which demonstrates an exponential growth.

Basic Quantum Theory




Why Quantum Mechanics?

Classical mechanics:
— Dichotomy: particles (matter) < waves (light)
— Several experiments prove falseness

New theory of microscopic world: both matter and light
manifest a particle-like and a wave-like behavior.

Double-slit experiment:

— Also with just one photon: which region is more likely for the single
photon to land. The photon is a true chameleon: sometimes it
behaves as a particle and sometimes as a wave, depending on
how it is observed.

— Not only for light (photons), but also with electrons, protons, and
even atomic nuclei. Clearly indicates: no rigid distinction between
waves and particles.

Quantum states
Two examples:

I. A particle confined to a set of discrete
positions on a line

Il. A single-particles spin system

Classical state

Subatomic particle on a line: can only be detected at one of the equally
spaced points {x,, X;, ..., X1}, where x; = X, + 0x, X, = X; + OX.

Xo X4 X X,

Ox can be made as small as one wishes.

Associate to this current state of the particle an n-dimensional
complex column vector [c,, ¢4, ..., ¢, ,]”. Particle at point x;shall be
denoted by the Dirac ket notation |x>.

To each of these n basic states, we assiciate:

1%,) - [1,0,....0

Canonical
!X1>>—>[0v1v-»-v0]r basis of C" Classical viewpoint:

: that's all we need!
1% [0d,..d

Quantum state

» Experiments demonstrate that the particle can be in a strange fuzzy
blending of these states. What does this mean?

An arbitrary state (c;'s are the complex amplitudes)
[#) =ColXo) +Cr X))+ +Coy [ %)

+  Representedin C"as | @) > [CD,Cl,...,C",l "

This state is a superposition of the basis states: it is simultaneously in all
{Xgs X1, -+ Xqq} locations.

* The complex numbers ¢, c;, ..., ¢, stells precisely which superposition

our particle is in.

2 2
I

C
We will detect the particle in point x; with a probability p(x, ) = = ‘ - ‘

2N

After the observation we will find the system in one of the basis states

19 s [X)

Properties of kets

» Kets can be added
18)+19) = (Co+C'o ) Xo) +-+-+(Cry +C' 1 ) X, y)
» Scalar multiply a ket by ¢
Clgy=cCo | %)+ +CCpy | X y)
* A ket and all its complex scalar multiples describe the

same physical state. So the length of a ket does not
matter as far as physics goes.

* A normalized ket 1o

o)

+ Given a normalized ket, we get p(x)=|c|®

Spin

* What is spin? Stern-Gerlach experiment (1922)

« Split of beam electrons into two streams with opposite spin.
Wrt a classical spinning top two striking differences:
— Electron does not have an internal structure, it is just a charged
point.
— All electrons either at the top or at the bottom. Two states: it
spins either clockwise or anticlockwise.

» Two basic spin states: spin up and down
19)=cy D +c, 1




Bra-ket

» Physical meaning of inner product: transition amplitudes, how
likely will the state of the system change before a specific
measurement (start state) to another (end state) after the
measurement.

+ How to calculate a transition amplitude? ¢
c

)

startstate| ¢) = andendtate|¢') = c,

— Brastate: (¢ |=¢)'=[c,.c.,....c i Crt
— Transition amplitude: multiply as matrices
c,

@10 =Gt & |2 Cxeo+ExG, 4ot Cyxe,

— Denoted as: |¢) ............................ -
— Nothing else than the inner product: from states to state transitions.

Summary Quantum States

Association of a vector space to a quantum space. The dimension
reflects the amount of basis states of the system.

States can be superposed, by adding their representing vectors.

A state is left unchanged if its representing vector is multiplied by a
complex scalar.

The state space has a geometry, given by its inner product. This
geometry has a physical meaning: it tells us the likelihood for a
given state to transition into another one after being measured.
States that are orthogonal to one another are mutually exclusive.

Observables

* To each physical observable there corresponds a
hermitian operator.

— An observable is a linear operator, which means it maps states to
states. Apply Q to the state vector |p>, the resulting state is Q |y>.

— The eigenvalues of a hermitian operator are all real.

* The eigenvalues of a hermitian operator Q associated
with a physical observable are the only possible values the
observable can take as a result of measuring it on a given
state. Furthermore, the eigenvectors of Q form a basis for
the state space.

Position observable

Where can the particle be found?
Acts on the basic states:
— P(x))=x|%) Pactsas multiplication by position.

On arbitrary states: P |¢)=P(3 ¢, %))=Y xc %)

Matrix representation of the operator in the standard basis:

X 0 - 0
0 0 0
P=. X1 - :
0 0 - X4

Momentum observable

» Classical: momentum = velocity x mass

[9(x+ )| #(x)

* Quantum analog: M(¢))=—i#n+ 5)(

= |s the rate of change of the state vector from one point to the next.

= The constant h (pronounced h bar) is a universal constant, called
the reduced Planc constant.

= Many more observables, but position and momentum are
in a sense building blocks.

Spin operators

Given a direction in space, in which way is the particle
spinning?

Is the particle spinning up or down in the z direction?
Left or right in the x direction? In or out in the y
direction?

The three corresponding operators:
51=E10’5=ﬁ9—|’SX=E01
2(0 -1 Yo21i 0 2|10

Orthonormal bases:

— S, has eigenbasis up and down m.h}

— S, has eigenbasis in and out {},|9}

— S, has eigenbasis left and right {01}




More on operators/observables

* p117-125: FYI, not really important for
quantum computation

Sum up on observables

» Observables are represented by hermitian
operators. The result of an observation is always
an eigenvalue of the hermitian.

The expression <y|Q|y> represents the
expected value of observing Q on |y>.

.

Observables in general do not commute. This
means that the order of observations matters.
Moreover, if the commutator of two observables
is not zero, there is an intrinsic limit to our
capability of measuring their values
simultaneously.

Measuring

* The act of carrying out an observation on a given
physical system is called measuring.

* Classical:

— Measuring leaves the system in whatever state it already was, at
least in principle.

— The result of a measurement on a well-defined state is
predictable.

* Quantum world:
— Systems do get perturbed and modified as a result of a
measurement.
— Only the probability of observing specific values can be
calculated: measurement is inherently a nondeterministic
process.

What happens?

« Let Q be an observable and |@> be a state. If the result
of measuring Q is the eigenvalue A, the state after
measurement will always be an eigenvector
corresponding to A.

« The probability of the transition to an eigenvector is
equal to |<e|w>|2 It is the projection of |y> along |e>.

Measurement with more than one
observable

» Beam of light:

— Vibrates along all possible directions
orthogonal to its line of propagation.

— Vibrates only in a specific direction:
polarization.

» Experiment: multiple polarization sheets.

One sheet

Light partially passing
through one
polarization sheet.




Two sheets

%

No light passing through
two polarization sheets at
orthogonal angles.

Three sheets

No effect if third sheets is placed on left or right of the two
other sheets: no light!

However, placed in-between: only one-eight of the original
light will pass through all three sheets!

=§ =

w

= i =)

%’Wm

Summary on measuring

» The end state of the measurement of an
observable is always one of its eigenvectors.

» The probability for an initial state to collapse into
an eigenvector of the observable is given by the
length squared of the projection.

< When we measure several observables, the
order of measurement matters.

Quantum dynamics

« Systems evolving in time.

* The evolution of a quantum system (that is not a
measurement) is given by a unitary operator or
transformation

[9(t+1) =U [4(t)

« Unitary transformations are closed under composition
and inverse:
— The product of two arbitrary unitary matrices is unitary.
— The inverse of a unitary transformation is unitary.

Quantum dynamics (cont’d)

» Assume we have a rule R that associates with each
instance of time tyt,,t, ...t

a unitary matrix R[t, R[], %[, ]

« Starting with an initial state vector |¢)

Rlt,] 19,
%[t{]iﬁ[tu] 16),

i, ik, )-8l 110

Quantum dynamics (cont’d)

Orbit of |y>

Rlto] R[] Rt ]

) Rt [14) Rit, Fto [19) Rit, Rt [t ]| 9)
0 3lllo__atubllio bl e
_) Rty 4]
- "Rt ]l b5l 10)

Symmetric in time

A quantum computation will start with an initial state |y>, followed by
the application of a sequence of unitary operators to that state. When
we are done, we will measure the output and get the final state.




Quantum dynamics (cont’d)

» How is the sequence of unitary transformations
selected in real-life quantum mechanics?

* How is the dynamics determined?
How does the system change?

» Answer: the Schrodinger equation (see book)

Quantum dynamics: recap

* Quantum dynamics is given by unitary
transformations.

» Unitary transformations are invertible: thus, all
closed system dynamics are reversible in time
(as long as no measurement is involved).

» The concrete dynamics is given by the
Schrédinger equation, which determines the
evolution of a quantum system.

Reading

» This lecture: Ch 3.4 & Ch 4.1-4.4, p 97-132.

¢ Next lecture: Ch 4.5 & start Ch 5.




Assembling Quantum Systems

Architecture

Lecture 5

Assembling Quantum States

Assume we have two independent quantum systems Q and Q’, represented
respectively by the vector spaces V and V'. The quantum system obtained by
merging Q and Q’ will have the tensor product V and V' as a state space.

We can assemble as many systems as we like: V, ®V, ®---®V,

Two particles moving in a one-dimensional grid: first particle on {x,, x;, ..., X, 4},
the second particle on {yy, ¥, ..., Y;pi)-

Xo

X Xn.q Yo Vi Y
n x m possible basic states:
|%,) ®]y,) » meaning the first particle is at x,, and the second particle at y,,.

IXn71.> ®|y,,,)» meaning the first particle is at x, ; and the second at y,,, ;.

Assembling (cont’'d)

« Generic state vector:

[9)=Coo [X) ®1¥o) ++:Cy IX) @Y )+ 4 Coyms [¥0 ) @ Yina)

which is a vector in the (n x m)-dimensional complex space C™™.

* The quantum amplitude |c; | squared is the probability of finding the
two particles at positions x; and y;.

« Example:
18) =T 1X) @[ Yo) + (=1 %) @1 Y1) + 2[x) ®| Vo) + £ 1=1) [x) ® | y;)

»  What is probability of finding first particle at x, and second one at y,?

‘ 1 i‘z
pP(X, 1) = = 02222
Cun) MZ ‘1 I‘z ‘2‘2 ‘ 1 i‘z

Assembling (cont’'d)

+ Entanglement:
— The basic states of the assembled system are just the tensor product of basic
states of its constituents.

— Each generic state vector can be rewritten as the tensor product of two states,
coming from one subsystem and a second one? NOT TRUE

« Example: simplest two-particle system, where each particle is allowed only in
two points. Consider the state

1) =1%0) @1 o)t %) @1 ¥1)
In order to clarify what is left out, we might write this as
1) = 1%) ®Yo)+ 0] %) @y + 01x) ® | Yo) + 11%) ® | y,)
~ [

|
« Can we write this as tensor pro&ucto\ﬂ‘two states comirg from ‘t\f/o
) Yo Y1)

subsystems? 1st particle Cy +C,| %) ]2 particle CD“ Y+c
Tensor product [ \ |

| T~
(00 10001 1)@ (G5 10) + €1 1)) = oo 1%0) @1y + &0, 1) @1 yy)
. i
+CCo [X) @ Yo) +C,C [X) ®]Y)
« No solution: |@> cannot be written as a tensor product.

Entangled states

ssembling: Entanglement

o D) =1%) @ Yo)+ %) ®|Yy)  What does it physically mean?
« First particle 50-50 chance of being in x;, or x;.

« Ifinx,? Term [X,) ®|y,) has coefficient 0, so no chance that second
partic?e in y,. We must conclude that it can only be found in y,,.

+ Similarly, if first particle in x;, second one must be in y,.

« Symmetrical with respect to the two particles: the same if we measure
second particle first.

« The individual states of the two particles are intimately related to each other,
or entangled.

* Amazing: the x;'s can be light years away from the y;s!
Separable states
« Sharp contrast: no clue
19 = 11%) ®|Yo) + 1I%,) ® | y)) + 11%) ® | ¥o) + 1|%) ® | ;)

Assembling: spin systems

« Law of conservation of spin: in an isolated system the total amount
of spin must stay the same.

« Fix on the z-direction and corresponding spin basis: up and down.
» Consider a composite particle, whose total spin is zero.

» This particle might split up into two particles that do have spin:




Assembling: spin systems (cont'd)

Spin states of the two particles will be entangled.
Spin of total system zero — sum of the spins of the two particles must
cancel each other out:
— Measure spin of left particle along z axis |1, > — spin of right particle ||z>
— Similarly, ||, > — |1g>
Basis left particle B ={|t,>, ||, >}, basis right particle Bg={|1z>, ||r>}, SO
basis of total system

Mooty Lol L el L et

Entangled particles are described by 1 @ L 3+l ® T,)
Rt

+ Combinations T, @7, and |, ® !, cannot occur because of the law of
conservation of spin.

» Measuring left particle: if it collapses to |1, > then instantaneously right
particle collapses to ||z>, even if the particle is millions of light years
away.

» Entanglement plays role in: algorithms, cryptography, teleportation,
and decoherence.

Assembling systems
Summarizing:

— We can use the tensor product to build complex
systems out of simpler ones.

— The new system cannot be analyzed simply in terms
of states belonging to its subsystems. An entire set of
new states has been created, which cannot be
resolved into their constituents.

Architecture

Bits and qubits

» Abitis a unit of information describing a two-dimensional
classical system.

* A bitis away of describing a system whose set of states
is of size 2, usually written as 0 and 1, or F and T, etc.

« By matrices: 1 0
|O>:{ } and |1>:{ }
0 1

* In a classical world: either in state |0> or in state [1>; in a
quantum world this is not sufficient: a quantum system
can be in state |0> and in state |1> simultaneously.

» A quantum bit or a qubit is a unit of information
describing a two-dimensional quantum system.

Qubits: representation

* Representation of a qubit E"] where |c,|?+|c[>=1
1

* |c,l?is the probability that after measuring the qubit, it will be found
in state |0>, while |c,|?is the probability that it will be in state |1>

o faol
[Tt
,"JJ/
o] -
R
h\\_h [Ol]T
+ Canonical basis of C? | C 1 0
L‘l’}cf[o}q'[l}:co 10y +c, |2

Qubits: denotations and
implementations

Several ways of denoting qubits

iH: + ZL\OHLJQ*W i[1}: * :L‘()),LJOHD
P B i i R Y L

p-o

o4y _[p+0 [ VA
V2

.
_377
2 ' vwe

Examples of qubit implementations (see chapter 11)

« An electron in an atom might be in one of two different energy levels
(ground state and excited states).

» A photon might be in one of two polarized states.
* A subatomic particle might have one of two spin directions.

There will be enough quantum indeterminacy and quantum superposition
effects within all these systems to represent a qubit.




Qubits: more than 1 bit Qubyte

+ Only one bit of storage not very interesting. Consider a byte or eight » Another description: a 28=256 row vector
bits 01101011 , o 00000000 [0 00000000 | c,
» Following the preceding method of describing bits 00000001 |0 00000001 | c,

b} B ot o} B o |

) 01101011 |1 01101011 |c,,
To combine quantum systems one should use tensor products 01101100 |0 01101100 | o,y
X
| po| 10| 12| 90|10 [0 0[O @) S | -
. 11111110 |0 1111110 |y, Z\ci\ =1
* This is an element of 1111111 |0 M1 [y i-0

C’®C’®C’®C*®C*®C*®C*®C?
« Classical world: indicate the state of each bit of a byte — eight bits.

* Quantum world: a state of eight qubits is given by writing 256 complex
numbers.

« A 64-qubit register: 264 = 18,446,744,073,709,551,616 complex numbers.
« Exponential growth: thought to the notion of quantum computing.

This vector space may be denoted as (C2)®8. This is a complex
vector space of dimension 28=256, isomorphic to C2%,

Two-qubit system Classical gates: NOT
- Qubit pair: [98|3 oo NOT gate — >~
+ Tensor product clear: | § 3| 0} orlo3) — Input 1 bit or a 2x1 matrix
* Another way: o0o[0 — Output 1 bit or a 2x1 matrix
011
nlo — NOT of |0) equalg 3 andNOT of |1) equalg0)
1[0 — Consider the matrix
» A general state of a two-qubit system: 0 1
10)= €0 00)+ 0|01+, 10 0,13 NOT:L o}
« Tensor product of two states not commutative:
|08 4=|9®|9=|0n)=|0 #[10)=| 19=|3®| ¢ =[190) {0 1}H=ﬂ [0 1}H=H
» Entangled states: |11)+|00) 1 0j0] |1 1 0)1] |0
9 [19+]09) bji‘ >=i2\13>+%\00>

Classical gates: AND Classical gates: OR
AND gate | )~ OR gate :D—

— Input 2 bits, output 1 bit, so a 2'-by-22 matrix

— Consider the matrix — Consider the matrix
AND = 1110
“looo1 OR{lOOO} ‘?

0 35 0111 ]
111 olol ro 1110] 2|55
[o 00 1}0 :u or AND[1D=[1 0001 0| [-41

1 -41

0 NONSENS! Only classical

states, i.e. columns matrices

[1 11 O} 1 :F} or AND\Ol):\O) with a single 1 entry and all
000 1j0 [0 other entries 0. Later more....




Classical gates: NAND

NAND gate D - -

— Special importance because every logical gate can be
composed of NAND gates.

00 01 10 11
NAND=0 [0 O 0 1
111 1 10

— NAND = AND followed by NOT

0 1 1110 0001
NOT*AND = = =NAND
1 0 0001 1110

Sequential operations

= ,A

Convention: computation flows from left to right,
so A followed by B shall be denoted as

ENaEN

m input bits and n output bits

A will be of size 2m-by-2m B*A is a (2P-by-2")*(2-by-2m)= (2r-by-2™) matrix

Parallel operations

" “ 8

A®B=

A®B isofsize2"2" = 2™" -py-2"2™ = 2™

Parallel operations: example

OR:(NOT® AND)

00001110
01 1110 00000O0O01

NOT®AND = ® =
10 0001 11100000
00010000

OR=:<(NOT®AND):{0 boo11l 0}

11110001

Example DeMorgan’s laws

NOT*AND *(NOT® NOT) = OR

0001
NOT®NOT:01®01:0010
10/ |10 |0100
1000
0001
01]ft110]|0010 [1000
10 looo0o1/ o100/ |0111
1000

Reading

» This lecture: Ch 4.5 & Ch 5.1-5.2, p 132-151.

¢ Next lecture: Ch 5.3-5.5




Architecture

Reversible Gates

Quantum Gates

Lecture 6

Reversible Gates

* In quantum world all operations that are not
measurements:
— reversible
— represented by unitary matrices
— e.g., AND gate are not reversible
NOT gate and identity gate are reversible

» Today’'s computers lose energy and generate
heat. In 1960s Rolf Landauer showed:

— Erasing information causes energy loss and heat
— Writing information not

Landauer’s principle

Landauer’s principle (1)

Intuition (not completely correct): tub of water

No state

-_’ I_. In state |0> and in state |1>

State |0> dissipating
and creating energy

Landauer’s principle (I1)
| ‘ | --_| -|| ! | | Reversibility of writing

-—l -| || ' I Irreversibility of erasing

Landauer’s principle (lll)

« Intuition with two people, Alice and Bob

« Writing
— Alice writes letter on empty blackboard
— Bob walks into the room
— Bob erases the letter
— Blackboard in its original state
— Writing is reversible

« Erasing
— Blackboard with writing on it
— Alice erases the board
— Bob walks into the room
— Bob cannot write what was on the board
— Erasing not reversible

Landauer’s principle (1V)

* Erasing information is an irreversible,
energy-dissipating operation.

* Charles H. Bennett in 1970s: if erasing
information is the only operation that uses
energy, then a computer that is reversible
and does not erase would not use any
energy — reversible circuits and
programs.




Reversible gates: controlled-NOT gate

+ ldentity gate

Reversible gates: Toffoli gate

% % 000 001 010 011 100 101 110 111
- NOT gate 000 1 0 0 0 0O 0O 0 O
01| 0 1 0 0O 0O 0 0 O
+ Controlled-NOT gate: 0101 0 0 1 000 00
[y) Y o11| 0 o 0 1 0 0 0 ©
[x) [%) 00 01 10 11 00 0 0 0 0 1 0 0 0
0601 0 00 00| 0 0 0 0 0 1 0 0
binary exclusive or 01 {0 1 0 O 110 0O 0 O O 0 0O 0 1
0lo 0 0 1 12 l2v) 1] 6 0 0 0 0 0 1 0
) @) 1100 0 1 0
Top input is control bit: Similar to the controlled-NOT gate, but with two controlling bits:
« if [1=0 then bottom output of [y> will be the same as the input « the bottom bit flips only when both of the two top bits are in state |1>.
+ can be written as |z® (xA y))
« if [x> =1 then the bottom output will be the opposite
Controlled-NOT gate can be reversed by itself
. y .
Toffoli gate (cont’d) Fredkin gate
« Toffoli gate is universal: with copies one can make any logical gate. » Fredkin gate is also universal:
. . . — the top input is the control input
* You can make a reversible computer using only Toffoli gates.
- 10,y,z>—10,y,z>and |1, y,z> —> |1, z,
« In theory this computer will neither use any energy nor give off any
heat. ] % 000 001 010 011 100 101 110 111
000 1 0 0 0 0O 0O 0 O
01| 0 1 0 0 0O 0 0 O
R ) b W y y o0 o 10 00 oo
011/ 0 0 O 1 0 0 0 O
100 0O 0 0 0 1 0 0 O
Iy bR L) Iy w!l o 06 0 0 o0 10
2 |z) 110/ 0 0 0 0O O 1 0 O
111 0o 0 0 0 0 0 0 1
9 [xay) 12 -2 19 13
AND gate NOT gate fanout gate
Fredkin gate (cont'd) Quantum gates
Universal: « A quantum gate is an operator that acts on qubits. Such operators
will be represented by unitary matrices.
ki ki ki ¥ - G
« Examples: identity operator /, the Hadamard gate H!%z\: 1), the NOT
gate, the controlled-NOT gate, the Toffoli gate, and the Fredkin gate.
19 [xa2) 1) ] « Pauli matrices:
01 0 —i 10
X=0,=N0T= Y=0,=|. Z=0,=
10 i 0 0 -1
2 [=x)~2) 9 %) +  Other important matrices:

AND gate NOT gate

Both the Toffoli and the Fredkin gates are universal.
Not only are both reversible gates, their matrices
are also unitary.

10 1 0
= T=
S {o i} {0 e"”"}

» Several relations between these operators (see book)




Square root of NOT gate
» Matrix representation: YNOT = 1 [l _l}

J2|1 1
« Not its own inverse: VNOT # YNOTt

* Reason for name:
— Put qubits |0> and |1> through VNOT gate twice:

m*mz(m)zz[i ‘01}

o=bof v [ o -y
[1)=[oa]" > [— %%T - [-10[" =-10), represent samstatag 0)

— Performs same operation as the NOT gate.

Measurement operation
« Not unitary
* Not reversible

« Usually performed at the end of a computation

* Denoted as

Geometric representation of
qubit states and operations

¢

Complex numbers ¢ with |c[2 = 1,
only identified by one number, the
angle 6 between vector and x-axis

Qubits |y>=c,|0>+c,|1>, where
|col?*|c4[?=1 can be identified by
two numbers, the latitude 6 and
the longitude @ on a three-
dimensional sphere of radius1,
known as the Bloch sphere.

Bloch sphere

Qubit: |w)=codp)|0)+€"” sin(0)1)
0<¢g< Zandd<H<%

Standard parametrization of the unit sphere:
X = cospsing
y =singsing@
z=cosf (6 p)and(z -6,0+7)
represent theamebit
(upto thefactor-1) X = C0sp Sin26
y =singsin26
z=cosd

Bloch sphere (cont’d)

. NO|I:Ith pole corresponds to state |0>and south pole
to |1>.

« Angle ¢ is the angle that |y> makes from x along
the equator (longitude) and 6 is half the angle that
|w> makes with the z axis (/atitude).

* When a qubit is measured in the standard basis, it
collapses to the north or south pole of the Bloch
spheree. The probability depends on the latitude, !
soon 6. -

* Rotation around the z axis, changing the
longitude: does not affect the probability to which
classical state it will collapse. It is called a phase
change, altering the phase parameter e/

Bloch sphere: dynamics

« Every unitary 2-by-2 matrix will ‘manipulate’ the sphere.

* The X, Y, and Z Pauli matrices “flip” the Bloch sphere
180° about the X, y, and z axes, resp.:
— Xis a NOT gate taking |0> to |1> and vice versa, and even more:

it takes everything above the equator to below the equator.
Similar for the other Pauli matrices: e.g., Y operation




Bloch sphere: dynamics/rotations

» Phase shift gates: R(e):{l 0}
0 ¢

» Following operation on an arbitrary qubit:
. 6 6
cod0)0) +e* sine'fr) = L‘j(:(n(;)} " [e‘gsgfs(inzﬁ‘)}
Leaves the latitude alone and just changes

the longitude. New state will remain
unchanged, only the phase will change.

Bloch sphere: dynamics/rotations

* Rotation of 6 degrees around X, y, or z axis:

P P cosg —ising
RA(H):coyzl—isinEX: 2 2

. .0 6

—isinZ  cosZ

2 2
6 .0
o .0 cos; —sinz

R,(6)=cosZI —isinZY =

Y 2 2 .0 9
sinZ  cos~
2 2

o, .. 06 e’? 0
R,(@)=cos-| —isin—-Z =
(0)-cos sz [ 0,

* General rotation around vector D=(D,,D,,D,) with size 1
from the origin:

Ry(6)= cos%l —isin%(DxX +D,Y+D,2)

Bloch sphere: higher dimensions

Valuable tool for understanding qubits and one-
qubit operations.

* For n-qubits there is a higher-dimensional
analog of the sphere.

» Research challenge: visualizing what happens
when we manipulate several bits at once.

» Entanglement lies beyond the scope of the
Bloch sphere.

controlled-U or U

% P9 This operation will
perform the U operation if
the top |x>is a [1> and

1 will perform the identity
v operation if x> is |0>.
Equivalent to an IF-THEN
statement.

For the simple case of 1000

U :[a c} U - 0100
b d 00 ab
00cd

Universal quantum gates

» Universal logical gates can simulate every
logical circuit:
— {AND, NOT} gates
— NAND gate

» Universal reversible gates:
— Toffoli gate
— Fredkin gate

» Universal quantum gates:
— {H, °NOT, R(cos(3/5))}

Universal quantum gates (cont’d)

» Deutsch gate D(6)

% ] If the inputs |x> and |y>
are both |1>, then the
phase shift operation R(6)

1Y) 1Y) will act on the |z> input.
Otherwise, |z> will be the
same as |z>.

I

R(6)




No-Cloning Theorem

< ltis impossible to clone an exact quantum state.

* In other words, it is impossible to make a copy of an
arbitrary quantum state without first destroying the
original.

* We can “cut” and “paste” a quantum state, we cannot
“copy” and “paste”.

* Move is possible, copy is impossible.

» Transporting arbitrary quantum states from one system
to another is no problem.

* See book for “proofs”.

No-Cloning Theorem (cont’d)

What about the fanout gate? The Toffoli and
Fredkin quantum gates can mimic the fanout
gate.

Fredkin gate: (x,10)— (x,=x,x)  Cloning?

|0)+2
V2

=

Assume x input is superposition
leaving y=1and z=0.

, While

This corresponds to the state

oo+ ooo 4 of

No-Cloning Theorem (cont’d)

Multiply with Fredkin state: So for a classical bit x
1000000 O[O 0 the Fredkin gate
010 0000O0|O 0 performs the fanout
00100000(%| | operation', 'but fora
00010000|0| |0 superposition:
000O01O00O0O0fO0 ? ‘0>+‘1>l0'_)‘0lq+‘101>
00000010(0| |4 N N
00000100|%| |0
00000O0O0T1jO 0

Not a fanout operation,
Resulting state: | 029 +|10) no-cloning theorem
V2 safely stands.

Reading

e This lecture: Ch 5.3-5.4.

¢ Next lecture: Ch 6.1-?7.




Algorithms

Lecture 7

Algorithms
Deutsch’s algorithm: {0,1} — {0,1}
Deutsch-Jozsa algorithm: {0,1}" — {0,1}
Simon’s periodicity algorithm: {0,1}? — {0,1}"

Grover’s search algorithm: unordered array of
size n in Vn time instead of n time

Shor’s factoring algorithm: factor numbers in
polynomial time.

Basic steps in a quantum algorithm

 All quantum algorithms:

— The system will start with the qubits in a
particular classical state.

— The system is put into a superposition of
many states.

— Acting on this superposition with several
unitary operations.

— A measurement of the qubits

Deutsch’s algorithm

Simplest quantum algorithm

Concerned with functions from the set {0,1} to the set

3

0e—>e0 0e—>e0 0s o0 o.\.o
16 o1 To—>el 1.><.1 To—>e1

A function f. {0,1} — {0,1} is balanced if f(0) # f(1), i.e.
it is one to one; in contrast it is constant if f(0) = f(1).

Deutsch’s algorithm: given a function f: {0,1} — {0,1}
as a black box, where one can evaluate an input, but
cannot “look inside” and “see” how the function is
defined, determine if the function is balanced or
constant.

Classical computer

/ ) \
10)=0
=0
f1)=1

f0)=1

/

70)=0
f1)=0

constant

f0)=1 f(0)=1
f1)=0 f1)=1
balanced

balanced constant

A quantum computer can be in a
superposition of two basic states
at the same time.

With a classical computer f must be
evaluate twice; can we do better on a
quantum computer?

Evaluation of a function

Oe

o0 01
Classical: = 1) W oo [o 1}
14 o1 1110

Quantum System IX;/ to be evaluated o
— Unitary (reversible) U

y»\controls the output e o>

XOR

[x0) [ x.0® f(x))=|x, f(x))
U, is its own reverse:
[xy) = |xy® f(x)
S[x(y® f x)® f x)=xy®(f )@ fx))=|x,y®0=|xy)

00 01
0e 0 00 [01
— u,= 01 {1 0

16" Yot 10 (00
11 {00

o R OOk

= ooo,.

=




Quantum “trick” Quantum “trick” (cont’d)

L. (A f -
» Rather than evaluating f twice, put the top input in superposition: “wl) . | v |. -

» This can be achieved by the Hadamard matrix: it .

The system starts in |¢,)=| 9 ®| 9 =|00)

H@:[ﬁ ﬂ{l}ﬁzwmm
+ -1lo|71%|T V2 : : [9+[ ] _[09+]10)
2 2 2 Apply H t t t = 0)=——=—
pply Hadamard matrix on top input |¢;) - 10) 7
« Following quantum circuit: s I m— |01 ©)+[21 @)
vy Multiplying with U, |#,)="——7=—""
& | | V2
—_—
T t I:_ If we measure the top qubit, there will be a 50-50% chance of
. Lol sl ; finding it in state |0> and a 50-50% chance of finding it in state |1>.
+ In terms of matrices:
Similarly, there is no real information to be gotten by measuring
U, (H®1)|0)®|0)=U,(H ®1)|00)) the bottom qubit.

So the obvious algorithm does not work, we need a better trick!

Better “trick” Better “trick” (cont’'d)

Put the bottom qubit in the superposition state % notice the minus sign!

L LR if £ (x)=0
Quantum circuit: | lo2) = 9 \ﬁo) ;

It - : o ‘X> z if f(x)=1
—H—1 7
b o o with (a—b)=(~1)(b—a)
j : I ®H
In terms of matrices: U, (1 ®@H)(x1) . |0)-J1) Evaluate top or bottom state?
)= 3] 2
. 2
Start with ‘%>:‘X'1> No information: top qubit will be in
[0-[1)]_ x0-|xd) state |x> and the bottom qubit either

After the Hadamard matrix |#,) :\X{T}:'T in state [0> or in state [1>.....

Applying U; | - )
0@ f (x))-|1® f (%)
R =]

&

‘t‘”ﬁif f(x)=0

O f(x)=1

X>P f(x)>—W] _ {\ X)
2 )

) . )
, : Deutsch’s algorithm (cont'd)
Deutsch’s algorithm g
L i} e A
+ Combine both “tricks: B “ |
— Both top and bottom qubits in superposition -
— Result of top qubit through Hadamard matrix . Start with ‘%> _ ‘ 01> ‘;: :, ;‘, ||:‘..
= o 00 [+3
B T—&—& o and (<[ 10 TI0-]_+ 09-| 04+]29-fxy o1 |-:
11y ) | 4 | = V2 Jz | 2 “10 +3
(it} — — 1 [-3
+ $ % ft
el il o2l L +  We saw that with bottom qubit in superposition and then
multiply by U, 1"]x) [0)-]1)
* In terms of matrices: V2
00 [0
o1 |1 » with |[x>in a superposition, we have
(H®U,(H®H )0} or (H®|)U,(H®H)10 o ) el)”")\o)Jr(—l)””\l) \0>7\1>
11 |o lo.) = 2 2




Deutsch’s algorithm (cont'd)

« We have ‘¢Z>:{Fl)“m‘@‘;(’l)‘o’\l)}[%}

+ Lethavealookat ¢1'?|0+¢1)"|1)
— iffisconstant + (Lpr| ¥ or—40+|3) (constantlyooriresp.)
- if fis balanced + 9 or -10)-1)

So we have |p,) &1) 2] if £ isconstant
& LJ) 1> ‘” ,if f isbalanced
+ Hadamard matrix is its own reverse %131 | 9 and 12091 1)

Apply it to top qubit ‘ (+1)‘0>\0)7\1> if fisconstant
Ps)= (+l)\1> [12-0) \o

,if f isbalanced

» Measure top qubit: if |0> then fis constant, otherwise balanced.
Only one evaluation of f.

Deutsch’s algorithm (cont'd)

Remarks:

—  The %1 tells us which of the two balanced or constant functions
we have, but can not be measured.

—  Output of top qubit of U;not the same as the input: inclusion of
Hadamard matrices makes top and bottom qubits entangled.

—  Trick? No changing around the information:
1. Is the function balanced or constant?
2. What is the value of the function on 0?

Deutsch-Jozsa algorithm

» Generalization:
— f:{0,1}" — {0,1}, which accepts a string of n 0’s and 1’s (natural
numbers from 0 to 2') and outputs a zero or one.
— fis called balanced if exactly half of the inputs go to 0 (and the
other half go to 1)
— fis called constant if all the inputs go to 0 or all the inputs go to 1.

* Problem:
— Given a function of {0,1}" to {0,1}, which you can evaluate but
cannot “see” the way it is defined.
— The function is either balanced or constant.
— Determine if the function is balanced or constant.
— n=1: Deutsch algorithm.

» Classically:
— Evaluate the function on different inputs.
— Best scenario: first two different inputs have different outputs —
balanced function.
— Worst scenario: 27/2+1 = 271+1 evaluations.

Solution: superposition

In Deutsch’s algorithm we used the superposition of two possible input
states. Now we enter a superposition of all 2" possible input states.

/‘an1~-xn71> nqubits / not changedby U ,

L : N ¥
[foey)
control qubit

Tensor product of
Hadamard matrices

« Single qubit in superposition: single Hadamard matrix;
n qubits in superposition: tensor product of n
Hadamard matrices:

HH®H=H® H®H®H =H® . H®

» Hadamard matrix definition:
171 1 . 1[En™ ™
H=— Hfi,jl=L )" : H=—
\/EL _J or Hli.jl=% ¢ \/E{(—l)“ ™

0 and 1 as Boolean values, and (-1)°=1 and (-1)'=-1.

}

Tensor product of
Hadamard matrices (cont’'d)

We fﬁegfal?@uft:ei[(’l)w 1 0A1i|®i[(7lom (71)%}
NPIR S Ul RFIN R

A S VA o VA O e O e

1,1 €% €2 €0 €0 ) ) ()M

T2 V2| Y e O P e D)
R R o A SV Ak o D S e 5 ) o Y S
We are not interested in (-1)**, but in the parity of x and y (exclusive-or):
(1)O@00 ()00t (_pyow00 (g 0mon
1 (_1)0\@9»0 (_1)0\@9»1 (_l)weaj.\o &) OIBIAL

2 (CDBOE00  (Lq)RE0L () 1BOO (w0
(FDBOMO (LqyROONL (L0 gyniel

He2 =

11 1 1
111-11 1
2011 -1 41

1-1-11




Tensor product of
Hadamard matrices (cont’'d)

+ Proved by induction that thescalarcoefficient of H ®" is =27

1
[on
+ Useful operation () :{01}"x{01}" — {01}
Definition : given twobinarystringsof lengthn, x = xox,x, ... x, , and
Y =YoYiYo- You Wehave
<va> = <X0X1X2 < Xoe1 YoY1Ye ~~yn—1>
=X AYo) D (XA Y) @@ (Xoy A Yina)

— Basically it gives the parity of the number of times that both bits are 1.

« Ifx and y are binary strings of length n, then x @y is the pointwise
(bitwise) exclusive-or operation

XOY=X®Ye.X @Y, s X1 © Y,y

L]

o
W
2100
101

H®3

L] L o o 10 1 10 m
(=1)P00 RN (_q)OONDID (_yRORANII ()OO0 (_()RONMN) ¢ JyO00M (| )Ronii
(-1)POL00n  (_yRNAG  (_pyOOLOID (RN yEELIO ¢ pyeenem (e 1y
(1 MR (I (eSSl (_jyEne (_)yeesie (_jymieie @ pyoen
(B0 (YA (OO (LB ()N ()R ()R (R
(=)0 jONEN _gynenmny ¢ qyieesil  p_jyeNs o yIois ¢ qjInim ¢ pjienn
(-T)PULOO  _pyIOLA0 [ pyaeLO (_pyOLSNN  (_j)eRm ¢ 1WI0LISN  (_p)ioLim g pjeii

(—Q)UIR O OO (s ()i (eI _yianm  (_pjamnim
(=) (L YILAN I gy )RR gyl qyim gy

00 001 010 011 100 101 110 111

w 11 o1 1 1 1 1 1

ot |1 -1 1 -1 1 -1 1 -1

o0 [ 1 1 -1 -1 1 1 -1 -1

P 7T S St L S S B B
TaAwe |11 11 a1 a1 - A

P O I T T T T S R B

mw |11 -1 -1 o -1 1

T T e e R L P

Tensor product of
Hadamard matrices (cont’'d)

* General formula

He[i,j]= i(— YA whérearjd aretherowandcolumnnumbersn binary.
J2r
«  What happens if we multiply a state with this matrix? Notice all
elements of the leftmost column of H®"are +1. So if we multiply
with the state |0> =]00...0> = [1,0,...,0]" this will be equal to the
leftmost column of H®"

000000041
000000011
1 000000101| 1
He0)=H®"[-0]=—— . .= X
1% N o
111111101
111111171

Deutsch-Jozsa algorithm

Bottom control qubit in a superposition:

vl I} L

In terms of matrices U, (I ® H)x1)
We start with |¢,) = |x1)

After the bottom Hadamard matrix [¢,) =X

>P0>-\1>} _x9-x3

V2 J2
) Cltmeg - feen] | [fm)-[fx)
Applying U, \¢2>_\x>{ 7 =[x) %
_ \x>%iff<x>:o_ o @o>—\1>}
Useless! 7{‘X>W}L® if f(x):li( v V2

Deutsch-Jozsa algorithm (cont’d)

« Put x> into a superposition in which all 2" possible strings have
equal probability

O - -
— (e {4
! N |
| Uy |

t t f

t t
Ipo} I} beal )

« Interms of matrices (H®" ® 1)U, (H®" ®H )‘ 0.1)

Deutsch-Jozsa algorithm (cont’'d)

(Her@1)u, (He ®H)jog) G A

We start with \%> = ‘0'1>

Then |#) {M}{M]

= | v
it B
Applying Uj \%kﬂzwﬂ»:/(; "‘Tﬂgl)}

Make a superposition of a superposition on the top qubits

ZXE(M“ (D' kaﬂ” (,1)(z.x)‘z> ‘0>_‘1>
2 V2

|ps)=




Deutsch-Jozsa algorithm (cont'd)
=

?5)= 7
%

N
D I A I )
- -~ o

Measure top qubit of ¢,; what is the probability that it will collapse to state [0>?

Answer: set z = 0 and realize that <z,x> = <0,x> = 0 for all x. Then

Deutsch-Jozsa algorithm (cont’'d)

Probability of collapsing to [0> is

\%Himw (—‘1"(”‘0>}@°>—\1>}
2" V2 totally dependent on f (x).

If £ (x) is constant 1, the top qubits become

ZXE(DJ)” €29 _ (2"}0> =-10)
2" 2"
We only get |0> if the function
If £ (x) is constant 0, the top qubits beco is constant. If anything elge I;
/ measured, then the function is
Zeor19 _2'0) - +10) balanced.
2" 2"
If f (x) is balanced, then half of the x’s/will cancel the other half

and the top qubits become

)
w = OL(? =00) Only one function evaluation instead
2 2 of 2"1: exponential speedup!

Simon’s periodicity algorithm
» Finding patterns in functions.

« Given a function f: {0,1}" — {0,1}" that we can evaluate, but is
given as a black box.

» There is a secret (hidden) binary string ¢ = ¢y¢,c,...c, 4, such that
for all strings x, y we have

f(x)=f(y) ifandonlyif x=y@®c

« In other words, the values of f repeat themselves in some pattern,
and the pattern is determined by c, the period of f.

* Goal of Simon’s algorithm is to determine c.

Example

Let n = 3. Consider ¢ = 101. Then we have the following
requirements on f:

000©101=101 hencd, (000= f (0.

001®©101= 10thencd, (00)= f (L0Q.

010©101= 1lhencd, 010= f (1.

011©101= 1lthencd, 01)= f (10.

100®©101= 00hence, (100= f (0.

101©101= 00Chenc, (L00= f (000).

1108©101= Olhence, (110= f O1.

111©101= O01Chence, (119= f 010.

Notice that if ¢ = 07, then the function is one to one; otherwise it is
two to one.

U,

o herw)

Classically

Evaluate f on different binary strings.

After each evaluation, check if the output has already been found.

If for two input x, and x, holds f(x,) = f(x,) then
X, =X, ®cC

and can c be obtained by
X, ®X, =X, dcdX, =cC

If the function is two-to-one, we do not have to evaluate more than
half the inputs before we get a repeat. If we have to evaluate more,
we know ¢ = 0". So, the worst case is 27/2 + 1 =21+ 1,

Can we do better?

Quantum version

Performing the following operations several times:
o

Ll '__| ({4
LN R
We start with |g,)=]0,0) - N t K
[N Lt ) el

Put the input in a superposition of all possible inputs Z oy x,0>
X, f(x)q

Evaluation of fon all these possibilities

‘¢2> _ er{o.l.‘”
Z

Apply n Hadamard tensor product

_ ZXEW Zze(cu}" (_1)<Z‘X>
on

z,f(x))

|os)




Quantum version (cont’d)

For each input x and for each z, we know that the following kets are equal
|z f %) and |z, f(x®c))

The coefficient for this ketis (=1)** + (=1)**9

on
<—,—> is an inner product, so [ i _ D& + (et
2" 2"
B e il
>

If <z,c> = 1, the terms will cancel each out and we would get 0/2". In
contrast, if <z,c> = 0, the sum will be +2/2" = +1/21,

So we will only find those binary strings such that <z,c> = 0.

Quantum version (cont’d)

* Some concrete examples in the book! Pages 190-195.

Reader Tip. Warning: admittedly, working out 2 e gory details of an example can
be a bit scary. We recommend that the less meticulous reader move on to the next
section for now. Return to this example on a calm sunny day, prepare a good cup of

your favorite tea or coffee, and go through the details: the effort will pay off. Ll

In conclusion, for given periodic f, we can find the period ¢
in n function evaluations. This in contrast to the 27" + 1

neeﬁid classically.

?2??

Reading

e This lecture: Ch 6.1-6.3

¢ Next lecture: Ch 6.4-6.5




Algorithms

Grover's search algorithm

Shor’s factoring algorithm

Lecture 8

Grover’s search algorithm

Search element in an unordered array of size min \m
time instead of m/2 time on average.

In terms of functions, given a function f: {0,1}" — {0,1},
where there exists exactly one binary string X, such that:

F(x)= 1, |.fx:x0
0, if x#X,

Find x,. Classically, in the worst case, we have to
evaluate all 27 binary strings. Grover’s algorithm
demands only V27 = 272 gvaluations.

First try

« Put [x> into a superposition of all possible strings and then evaluate U,

0
{1

+ In terms of matrices U(H*"®1]00) - ¢ '

» The states are

me [%) ZXEW x, f(x))

First trick: phase inversion

Change the phase of the desired state.

Take U, and place the bottom qubit in the superposition (|0> — |1>)/V2:

In terms of matrices: U (I, ® H)[x.1) '

o) =100, \¢1>=[ 3 J\O% l0:) ==

Measuring the top qubits will, with equal probability, give one of the 27

The states are:

Example: [',%,%,%]" and f
chooses string “10”, then after

binary strings. Measuring the bottom qubit will give |0> with probability
271121 and |1> with probability 1/2". If one is lucky enough to measure
|1>, the top qubits will have the correct answer, because of the
entanglement. However, probably not so lucky.

loo) =[x phase inversion: [V, %,-V2,%]T.
0))-|1) x,0))—|x1) Measuring |x> does not give
|9)-[9) | _[1x0)-[x1) gl g

lo.) =[%) 2 T 2 any information |/4[2= |-V4[2=Va.

PR [fx)@0)-|f (x)@1) - [F0)=[FO0) | _ [-af %2 if x=x,

& V2 V2 +I) 2 fif x 2 x,

Second trick: inversion about the mean or
inversion about the average

* Boosting the separation of the phases.
« Explain with an example:

— 53,38,17,23,and 79
— Average a =42

— Sum of the lengths of lines above the average is the same as the
sum of lines below.

— Invert each element around the average: v’ = a + (a-v); example
[53, 38, 17, 23, 79] — [31, 46, 67, 61, 5]
— In terms of matrices: V'=(-/ +2A)V, with A[i,j]=1/n.

Inversion about the mean or
average (cont’d)

In general: n qubits, 2" possible states, where a state is 2" vector. Then

27-by-2" matrix re o4 ... a1
2" 2" 2"

1 1 .. 1

A=|2 2 2

[T

2" 2" 2"

Multiply any state by a will give state where each amplitude will be the
average of all amplitudes.
The 2"-by-2" matrix

2 2
B 2
2 —1+2 ... 2
—l+2A=| 7 T ”

Multiply a state by —/+2A will invert amplitudes about the mean.




Phase inversion and inversion
about the mean

« Combination is a powerful operation that separates the
amplitude of the desired state from those of all other
states.

« Example that demonstrates the combined techniques:
— Vector [10,10,10,10,10]"
— Phase inversion to the fourth element: [10,10,10,—10,10]"
— Inversion about the mean (=6; -v+2a=2 or 22): [2,2,2,22,2]"
— Another phase inversion: [2,2,2,-22,2]"

— Inversion about the mean (r=_2'8’ -v+2a=-7.6 or 16.4):
[-7.6,-7.6,-7.6,16.4,—7.6]

— Another time? No, m/4Vn times, otherwise the numbers will be
“overcooked”.

Grover’s algorithm

1) Start with a state |0>
2) Apply H®"
3) Repeat m4V2"times:
a) Apply the phase inversion operators: U (I ® H)
b)  Apply the inversion about the mean operation: — | +2A
4) Measure the qubits.

Repeatt/4 /27 times

Pha

Example Grover’s algorithm

» Let fbe a function that picks out the string “101”.

¢ The states: |o)=[1 000000 0,

1 6
* The average is: a=—% £_%_

8
 Calculating the inversion about the mean:
3

%[24«/@)73@

—-Vv+2a=—

1 1 1 1 1 1 1 1
and o35 o 5 25 5 o 2% =%

2/8 2/8 2/8 2/8 2/8 5/8 28

7v+2a=%+[2x%)=2—3§

2/8

Example Grover’s algorithm (cont’d)

* Another phase inversion:

\,M{LLLLL,LLL]T
#7128 28 2/8 28 2/8 5B 248 208
¥l _ 5
. s a= 2f8 2~/§:i
The average is: s a5
+ Calculating the inversjon about the mean:
e R
and M,){iiiii&ii
a8 48 4B 4B 48 4B 4B 48

—v+2a:i+(2xi):£
28 8/8) 4/
+ 11/4V/8=0.97 and -1/48=-0.088, and squaring these numbers gives

us the probability of measuring the corresponding states. Most likely

we will measure: 00000100
o= OK!

Generalizations Grover’s algorithm

» Search an unordered array of size min m time
— \m time: quadratic speedup.

» What if there is more than one hit? Assume t
objects: Grover’s algorithm still works, but one
must go through the loop m4\(27/t) times.

« Many other types of generalizations and
assorted changes.

Shor’s factoring algorithm

« Factoring integers important: security
« “Hard” on classical computers
« Peter Shor: in polynomial time on quantum computers

« Based on the fact that the factoring problem can be
reduced to finding the period of a certain function (see
Simon'’s algorithm)

« In practice N will be a large number

« Assume N is not a prime number. However, there exists
a deterministic, polynomial algorithm that determine if N
is prime.




Modular exponentiation

Modular arithmetic: for a positive integer N and any integer a, we
write @ mod N for the remainder (or residue) of the quotient a/N, e.g.
99 mod 15 =9.

a=a’ mod N, if and only if (a mod N) = (&’ mod N) or equivalent, if N is
a divisor of a-a’, i.e. N|(a-a’).

Start of the algorithm: choose randomly an interger a that is less than
N, but does not have a nontrivial factor in common with N. This can
be tested by Euclid’s algorithm to calculate GCD(a,N):

— GCD # 1: found a factor of N and done;

— GCD = 1: a'is called co-prime to N and we can use it.

We need to find the powers of a mod N, that is, a&®> mod N, a’ mod N,
a?mod N, a® mod N, ...

In other words, we need to find the values of the function
fon(X)=a"modN

Examples f.x(X)=a*modN

X 0 1 3 4 5 6 7 8 9 10 11 12
hu®) 12 8 1 2 4 8 1 2 4 8 1
X 0 1 3 4 5 6 7 8 9 10 11 12
fy15(X) 1 4 4 1 4 1 4 1 4 1 4 1
x 0 1 3 4 5 6 7 8 9 10 11 12
o) 113 7 01 13 4 7 1 13 4 7 1

In book: N =371

Not the values, but the period

Not the values of f,(x)=a"modN, but the period of this function,
i.e., we need to find the smallest r > 0 such that f,(r)=a" modN =1

Theorem in number theory that for any co-prime a < N, the
function f, ,, will output a 1 for some r < N. After it hits 1, e.g.,
it . ()=1
then f  (r+)=1,@
andin general f,  (r+s)=f, ()

Examples

11

12

period 4

11

12

period 2

X 0 1 2
L 12 4
X 0 1 2
fos 141
X 0 1 2

11

12

fos) 1 13 4

period 4

Quantum part of the algorithm

For small numbers it is easy to determine the periods of these
functions. But what if N is hundred digits long? This will be
beyond the ability of any conventional computer: we need to
calculate f, , for all needed x: superposition.

First we have to show that there is a quantum circuit that can
implement £, , (later).

The output of this function will always be less than N, so we need
n =log, N output qubits.

We will need to evaluate f, , for at least N? values of x, so we will
need at least m = log, N? = 2 log, N = 2n input qubits.

Quantum circuit for Uy, y

Operator Uy, y

where

[x.y)

How is it formed? Later...

X,y @ f, (X)) =[xy ®a*modN)




Quantum circuit

) len) Iz} 3} 4}

(Measure® | QFTT® 11 ® MeasurelJ,  (H*" ®1)0,,0,)

States |@,>, |@,>, and |@,>

We start at |¢,) =|0,,,0,)

Then we place the input in an equally weighted superposition of all
ossible inputs
P P 2 ctoar X0)
lo) =

V2

Evaluation of fon all these possibilities gives us

o) = I:sz(u.l}"‘ X fan (X)q _ {sz(w x,a* moqu
2 \/27 JZT

These outputs are periodic, e.g., for N =15, we have n =4 and m = 8.
For a =13 we have

| >_\ 03 +[113 +| 24+| 37 +|41)+---| 2544) +| 2557)
P2)= @

Measure |@,>

* Measuring the bottom qubits gives us a; modN for some ;

+ However, by periodicity we also have

a*=a“" modN and a* =a“* modN,
andin fact,for anyse Z : a* =a** modN

How many of the 2™ superpositions x have a; modN as output?

+ Answer: VTJ

s)

2
T

State |(p3>
So «pe){&axmnxvaxmodw

We might also write this as

[meo/” t,+ jr,a* modN>}

;)=

om

T

Here t, is the first time that the measured value occurs. It is called the
offset of the period.

Example (cont'd), let us say that we measure 7 for the bottom qubits:
|39 +|7.7)+|117) +|157) +---| 2517) +| 2557) | | | I
B 2%

a

Vandermonde matrix
+ Evaluating polynomials: P(x) = a, +a,X" + a,X* + a,x* +---+a, X"
» This polynomial can be represented by a column vector [au,ai,az,-n,an,l]T
Suppose we want to evaluate this polynomial at numbers Xo: %, %5, ) X4

« This can be achieved by

e Btk AP

Every row is a geometric series, matrix
is called the Vandermonde matrix ,
denoted by V(Xg, Xy Xg s+, X 1)

Vandermonde matrix (cont’d)

Elements changed to “powers of one of the M™ roots of unity w',,’
(chapter 1)

M =2mis fixed, so wy, is simply w. We obtain the M-by-M
Vandermonde matrix V(w?, w!, w?, ..., w"")
To evaluate P(x) at the powers of one of the M" roots of unity

[ Pis

Rty 1 1 1 | | |
ety & ; u | o |
|

|
1 Plas?)




Discrete Fourier transform

Definition of discrete Fourier transform (DFT)
1
DFT =——V(0°,0",&?,...,0"*
NYE ( )
. . 1
Formally, DFT is defined as DFT =—o*
Y W
Two tasks:

— It modifies the period from r to 27/r
— It eliminates the offset.

riririr|rir|r|rir|r L r r r Li
B e e e e L P e B e[ pe—r| 3| ]

Quantum Fourier transform

Denoted by QFT.
Same operation, but more suitable for quantum computers.

This quantum version is very fast and made of “small” unitary
operators that are easy to implement.

Measure the top qubits

Assumption that r evenly divides into 2™ (not in Shor’s actual
algorithm: finding period for any r). So we measure the top qubit
and we will find some multiple of 2™/r . We will measure

a2

X for somewholenumberi

We know 2™ and after measurement also x, so we get
X 2" 4

2" 2" ¢

Reduce this number to an irreducible fraction and take the
denominator to be the period r. If we don’t make the simplifying
assumption, given above: perform this process several times.

From the Period to the Factors

Assumption the period ris an even number; if not, choose another a.

So a"=1 mod N and we may subtract 1 from both sides to get
a’'—1=0mod N, or equivalently N | (a"—1).

Or N | (Var+ 1)(Na"— 1) or N | (@72 + 1)(a”? — 1), remember r is even.
So any factor of N is also a factor of either (a”2 + 1) or (a”2— 1) or both.

Either way, a factor for N can be found by looking at GCD((a”2 + 1), N)
and GCD((a”? - 1), N), which can be done by the classical Euclidean
algorithm.

One problem: be sure that a”2# —1 mod N. Solution: start over again.

Example: period f, ;5 is 4. So GCD(5,15)=5 and GCD(3,15)=3.

Shor’s algorithm

Putting all pieces together, see p217 of the book.

Complexity of this algorithm? O(n? log n log log n), where n is the
number of bits to represent the number N.

The best classical algorithms demand

213

s .
O(e™ "™"") wherecissomeconstant

This is exponential in terms of n.

Implementation of Uy, ,: see p217-218.

Final remark

“Even if a real implementation of large-
scale quantum computers is years away,
the design and study of quantum
algorithms is something that is ongoing
and is an exciting field of interest.”
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Cryptography

Lecture 9

Classical Cryptography

plaintext ciphertext

T T
n_) ENC - DEC —_ n.)
\

Alice Bob
sender encryption decryption receiver
insecure channel
"
= ENC(T, Kg) = E, with K¢ the encryption key g
= DEC(E, Kp) = T, with Ky the decryption key Eve
= combining: DEC(ENC(T,Kg).Kp) =T eavesdropper

Encryption protocols

» Caesar’s protocol:
— ENC = DEC = shift(—,—), where shift (T,n)=T, the string
obtained from T by shifting each character n steps
— Original message and encrypted one highly correlated.

» One-Time-Pad protocol of Vernam cipher:

— Alice generates a random number of bits and uses that
as her random key K.
— Assume Alice and Bob both share K:
¢ Ke=Kp=K
« ENC(T, K) =DEC (T, K) = T& K
+ DEC(ENC(T,K),K) = DEC(T @K,K) = (T @K) &K = T (K &K) = T

One-Time-Pad protocol example

Original message T 011011
Encryption key K 111010
Encrypted message E 100001
Public channel AN

Received message E 10
Decryption key K 1711010
Decrypted message T 01

Two issues:

1) Generation of a new key K is required each time a new message is
sent. Otherwise, the text can be discovered through statistical
analysis. Hence the name “One-Time-Pad”.

2) 'lI)'htleEprotocol is secure only insofar as the key K is not intercepted

y Eve.

Private key

So far, we assumed that the pair of keys
Ke and K, are kept secret. In fact, only one
key was needed. A protocol where the two
keys are computable from each other, and
thus requiring that both keys be kept
secret, is said to be private key.

Public-key cryptography

* RSA (Rivest, Shamir, and Adleman, 1978): the knowledge
of one key does not enable us to calculate the second
one, since the computation will be hard (more than
polynomial in the length of the first key).

» Suppose Bob has such a pair of keys K¢ and Kp:
— Kg in public domain.
— He can safely advertise the protocol, i.e., ENC(—,—) and DEC(—,-).
— He guards K, for himself.
— Alice uses K¢ on her message.

— If Eve intercepts the encrypted text, she cannot retrieve Bob’s
decryption key, so the message is safe.

— Bob has two computable functions:

* FE(_) =ENC(-, KE) Fg is a trapdoor function: easy to compute,
* Fp(-) = DEC(-, Kp) hard to invert without extra information




Pros and cons of public-key cryptography

* Pro:
— It solves the key distribution problem.

* Cons:

— The computation of the private key from the public key appears to
be hard.

— Public-key protocols tend to be considerable slower than their
private-key peers.

» Best of both worlds:

— Use public-key cryptography to distribute a key K¢ of some private-
key protocol, rather than the entire text message. Once Alice and
Bob safely share K they can use the faster private-key scheme.

— Sending a binary K¢ will be the only concern the rest of this class.

Other topics in cryptography

» Secure communication

* Intrusion detection: Alice and Bob would like to
determine whether Eve is, in fact, eavesdropping.

Authentication: we would like to ensure that
nobody is impersonating Alice and sending false
messages (outside the context of this course).

Quantum Key Exchange I:
The BB84 Protocol

* 1984: Charles Bennett & Gilles Brassard introduced the
first quantum key exchange (QKE) protocol, named
BB84.

* Why using the quantum world?
— Classical: Eve can make copies of arbitrary portions of the
encrypted bit stream and store them somewhere.

— Quantum: With qubits Eve cannot make perfect copies of the
qubit stream due to the no-cloning theorem.

— Classical: Eve can listen without affecting the bitstream, i.e., her
eavesdropping does not leave traces.

— Quantum: Measuring the qubit stream alters it.

BB84 protocol

Alice wants to send Bob a key via a quantum channel.

As in the One-Time-Pad protocol this key is a sequence of random
(classical) bits.

Alice will send a qubit each time she generates a new bit of her key.
But which qubit should she send?

She will use two different orthogonal bases:

"plusbasis + = ﬂ—>>‘ T>}: {[ 1d" v[O;I.]T} “timesbasis x = { =) | 7 )}= 1=~ 11", = [12] }

i
Sile

State/Basis + X
|0) |-) 7>
) DI

» Basis states given by the table.

» What about superpositions?
— If Bob measures photon using the + basis, he will only see
photons as |-)or |1) .
— What if Alice sends a |7 > and Bob measures it in the + basis?
Then it will be in a superposition of states
17> =%\T>+%H>

So there is a 50-50% chance of Bob’s recording a |0) or a |1) .

Four possible superpositions
* %> with respect to +, will be [1-7I-)

* 17> with respect to +, will be |"+5=)

. . 1 1
* |1 with respect to x, will be FIrEI

* |-) with respect to x, will be % 17>~ %i>




BB84 step 1

« Alice flips a coin n times to determine which classical bits
to send. She then flips the coin another n times to
determine in which of the two bases to send those bits.
She then sends the bits in their appropriate basis.

» Example forn =12

BB84 step 2

* As the sequence of qubits reaches Bob, he does not know which
basis Alice used to send them, so to determine the basis by which to
measure them he also tosses a coin. He then goes on to measure
the qubit in those random bases.

* In our example:

Bit number 1 2 3 4 5 6 7 8 9 10 11 12

Bit number 1 2 3 4 5 6 7 8 9 10 11 12

Alice’s random bits 0 1 1 0 1 1 1 0 1 0 1 0

Bob’s random bases b3 + X X + X + + b3 X X +

Alice’s random basis ~ + + X + + + X + X X X +

Bob observes A T N N T A T > X 7 KN -

Alice sends - LN - T TN - K 7 N -

Quantum channel 4 oy U Y 4 U Y ] 4oy 4

Bob;s bits 0 1 1 1 1 0 1 0 1 0 1 0

For about half of the time, Bob’s basis will be the same as Alice’s, in which case
his result after measuring the qubit will be identical to Alice’s original bit. The other
half of the time, Bob's basis will differ from Alice’s. In that case, the result of Bob’s
measurement will agree with Alice’s original bit about 50% of the time.

« If Eve is eavesdropping, she must reading the
information that Alice transmits and sending that
information onward to Bob.

* Eve also has to toss a coin each time (Alice’s
basis unknown)

— Basis identical:' accurate measurement, and she will
send accurate information to Bob.

— Basis different: agreement with Alice’s only 50% of
the time. However, the qubit has now collapsed to
one of the two elements of Eve’s basis. Bob will
receive it in the wrong basis. His chances are 50-50
of getting the same bit as Alice has. Therefore Eve’s
eavesdropping will negatively affect Bob’s chances of
agreement with Alice, which can be detected.

BB84 step 3

« Bob and Alice publicly compare which basis they used or chose at
each step. Each time they disagree, Alice and Bob scratch out the
corresponding bit. At the end they are each left with a subsequence
of bits sent and received in same basis. If Eve was not listening to
the quantum channel, this subsequence should be exactly identical.
On average its length will be n/2.

* For our example

Bit number 1 2 3 4 5 6 7 8 9 10 11 12
Alice’s random basis + + X + + 4+ X + X X +
Public channel g 0 ¢ g 0 ¢ g ¢ ¢ ¢ 98

Bob’s random basis b3 + X X + X + + X X b3 +
Which agree? ok ok ok ok ok ok ok ok
Shared secret keys 1 1 1 0 1 0 1 0

BB84 step 4

« What if Eve was eavesdropping? Bob randomly chooses half of the
n/2 bits and publicly compares them with Alice.
— If they disagree by more than a tiny percentage (e.g., due to noise), they
know Eve was listening in and then sending in what she received.
— If the sequence is mostly similar, it means that either Eve has great
guessing ability (improbable) or Eve was not listening in. They will use
the remaining bits as private key.

* For our example

Bit number 1.2 3 4 5 6 7 8 9 10 11 12
Shared secret keys 1 1 1 0o 1 o 1 0
Randomly chosen to compare y y y

Public channel 8 T ¢ g
Shared secret keys 1 1 1 0o 1 0o 1
Which agree? ok ok ok ok

Unrevealed secret keys 1 1 0 1

BB84: #qubits?

« If we begin with n qubits, only n/2 qubits will be
available after step 3.

» Furthermore, Alice and Bob publicly display half
of the resulting qubits in step 4. This leaves n/4
of the original qubits.

* However, Alice can make her qubit stream as
large as she wants: if she wants an m bit key,
she simply starts with a 4m qubit stream.




Quantum Key Exchange II:
The B92 Protocol

« Simplification of the BB84 protocol: the use of two
different bases is redundant —

» The B92 protocol, invented by Charles Bennett,
published in 1992.

* Main idea: Alice uses only one nonorthogonal basis.

» We will work out the protocol with the following
example:

{1 ,m}:{[m]ﬂ%[uf}

Alice takes |-) tobe O and |7 to be 1.

Role of the nonorthogonal basis:

— All observables have an orthogonal basis of
eigenvectors.

— Nonorthogonal basis — no observable whose basis of
eigenvectors is the one we have chosen.

— No single experiment whose resulting states are
precisely the members of our basis.

— In other words, no single experiment can be set up for
the specific purpose of discriminating unambiguously
between the nonorthogonal states of the basis.

B92 step 1

« Alice flips a coin n times and transmits to Bob n random
bits in the appropriate polarization with a quantum
channel.

* An example:

B92 step 2

For each of the n qubits, Bob measures the received
qubits in either the + or x basis. He flips a coin to
determine which basis to use. Possible scenarios:

Then Bob should
have received

Bob knows Alice

If Alice had sent
must have sent

Used basis by Bob  Bob observes

Bit number 1 2 3 4 5 6 7 8 9 10 11 12
_ : + ") 17> ) B
Alice’s random bits 0 0 1 0 1 0 1 0 1 1 1 0
+ =) 27?7 [=Yor | /1) |=) (100%50%)
Alice’s qubits - - A A P A2 -
N R > B
Quantum channel Lo U U ) U U () [Tt [ x ‘ N > ‘ > ‘ 7 > ‘ 7 >
X 7> il | 7 >or|=) 17> @ooversox)
Quantum Key Exchange llI:
B92 step 2 (cont’d) 3&4 The EPR Prot |
’ e rotoco
. A completely different type of QKE protocol based on entanglement,
For our example: proposed by Artur K. ERert in 1991, 9
Bit number 1 2 3 4 5 6 7 8 9 10 11 12 We will discuss a simplified version of the protocol and point to the original
Alice’s random bits I R version.
Quantum channel v L S S S v v Itis possible to place two qubits in the entangled state: ‘00> + ‘1]>
Bob’s random basis X + X X + X + + X + X ﬁ
Bob’s observations N - 7 N 1 N - - 7 T A d . .
- We have seen that when one of these qubits is measured, they both will
Bob’s bits o ? 2 0 1 0 71 1 ? collapse to the same value.

Step 3. Bob publicly tells Alice which bits were uncertain and they both
omit them.

Step 4. To detect whether Eve was listening in, they can sacrifice half
of their hidden bits, as in Step 4 of BB84.

Suppose Alice wants to send Bob a secret key.
— A sequence of entangled pairs of qubits can be generated and sent.
- ngeln Alice and Bob wants to communicate, they can measure their respective
qubits.
— It does not matter who measures first, because both qubits will collapse to the
same value.
— Ready: Alice and Bob have a sequence of random bits that no one else has.




EPR protocol steps 1&2

Step 1. Alice and Bob are each assigned one of each of the pairs of a
sequence of entangled qubits. When they are ready to communicate, they
move to step 2.

Step 2. Alice and Bob separately choose a random sequence of bases
to measure their particles. They then measure their qubits in their
chosen basis.

EPR protocol step 3

Step 3. Alice and Bob publicly compare what bases were used and keep
only those bits that were measured in the same bases.

Bit number 1 2 3 4 5 6 7 8 9 10 11 12
Alice’s random bases X X + + X + X o+ + X + X
Public channel [ R ¢t ¢ ¢ ¢ ¢ 3 IR
Bob’s random bases X + + X X + + + + X X +
Which agree? ok ok ok ok ok ok ok

Bit number 1 2 3 4 5 6 7 8 9 10 11 12
Alice’s random bases X X + + X + X + + X + X
Alice’s observations 2 N - T - N - - 7 - 7
Bob’s random bases X + + X X + + + X X +

=2+
3
1
N

Bob’s observations Vi - - A 2 - N N

If everything worked fine, Alice and Bob share a totally random secret key.
Problems:
1. the entangled pairs could have become disentangled;

2. Eve could have taken hold of one of the pairs, measured them, and sent along
disentangled qubits.

Solution: step 4 of BB84, compare half of the bits

Ekert’s original protocol

* More sophisticated, measurements with three instead of
two different bases.

» Bell's inequality:
— Requires three different bases.
— If particles are independent, then the measurements will satisfy
the inequality.
— Ifthe particles are dependent, i.e., entangled, then Bell's
inequality fails.

« Ekert proposed to use Bell’s inequality to check if Alice
and Bob’s bit sequences were entangled, when they
were measured.

* Details: see book, page 277.
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Quantum Teleportation

Hardware

Lecture 10

Quantum Teleportation

« Itis the process by which the state of an arbitrary qubit is
transferred from one location to another.

« Not science fiction, it has been performed in the
laboratory.

« No-cloning theorem: not possible to make a copy of the
state of an arbitrary qubit — when the state of the
original qubit is teleported to another location, the state
of the original will necessarily destroyed. “Move is
possible, copy is impossible.”

Some preliminaries

» Switching between a canonical and a
noncanonical basis can be helpful (see
B92 protocol).

» A single qubit
— Canonical basis {0),1)}
— Noncanonical basis {\(MJ} \Q—\]}}

V2 2

» The teleportation algorithm works with two entangled qubits, one held
by Alice and one held by Bob.
» Obvious canonical basis for this 4-dimensional space
{eg)las)|ne) L)
* A noncanonical basis, called the Bell basis, consists of
_104e)+2.00)
V2
— ‘0A1E>_‘1AOB>

¥

[¥7)

22
0,05 L1y
o) <[00l )
OAOE’]-AJ-B
PEMCAELES

« Every vector in this basis is entangled. See book for prove that it is
indeed a basis.

How are the Bell basis vectors formed?

In the 2-dimensional case the elements of the noncanonical
basis can be formed by the Hadamard matrix:

19+) 19-)
[0) - N and [1)— N
In the 4-dimensional case:
% 71
L]
Iy
4

It can be shown that this quantum circuit with appropriate
inputs creates the elements of the Bell basis:

[00) > |@7), [0 - [w), [10-|e7), h-|w)

Quantum teleportation protocol

+ Alice has qubit |w)=2|0)+ A1) in an arbitrary state that she would like to
teleport to Bob.

+ Step 1. Two entangled qubits are formed as |®*). One is given to Alice
and one is give to Bob. Three qubits as three lines:

1)

A

t f ft
lwa) len) 2}

* The top two lines are in Alice’s posse;s,ion and the bottom line in Bob’s.




Step 1

W (e =lwele (o) =|v)®|0s)
A P
{HE * _ ‘0A>+‘1A>
! o) =lv)e 2 a0,
OAOB lAlB
e l—— 0=l o[} = ) 2021 1)
|:v.'.> \];I] v‘d = (a‘ o>+ﬂ‘1>)®w

_ 7| 0>(‘ OAOB>+‘1A15>)+:6‘ J>ﬂ OAOB>+‘1A:LE>)
V2

Step 2

+ Alice lets her |v) interact with her entangled qubit.

L4

- —A
|
— L H — —A
s S
1 tr t 1
Ieo) ) ltE'l Ll wa)
« We have ‘%>:"‘0>qOAOB>+‘1A15>)+M]>(J1AOB>+‘OA15>)

V2

[94) = 2 9-+/90(0,06) + 185 )+ A 9 -] D)|1.05 ) +/0.3s))
:%(aﬂ 000) +|013) +[100) +[113)+ 4(010) +|003) - [110) - |103)))

Step 2 (cont’d)

+ Regrouping these triplets [/2) in terms of |x) which is in Alice’s
possession

lo) :%Q00>(a\0>+ﬁ\1>)+\01>(/3\0>+041>)+\10>(ﬂ\0>*ﬁ\1>)+\11>(* A0)+ei)

» So the system of three qubits is now in a superposition of four
possible states.

Step 3

Alice measures her two qubits and determines to which of
the four possible states the system collapses.

At the moment Alice measures her two qubits, all three
qubits collapse to one of the four possibilities. So if she
measures [10) then the third qubit is in state «|0)- g]1).

Two problems:
— Alice knows this state but Bob does not.
— Bobhas a|0)- B[1) , not the desired «|0)+ 4[1)

Both problems are solved in Step 4.

Step 4

« Alice sends copies of her two bits (not qubits) to Bob who uses that
information to achieve the desire state |v) .

+ E.g., if Bob receives [10) from Alice, he then knows that his qubits is

in a state
af0-g-| %)

* Hence he should act on his qubit with the following matrix

MR

+ Bob must apply the following matrices
|00) |o1) [10) [11)

o B lo [

Space-time diagram, where straight arrows correspond to movement of bits
and curvy arrows correspond to qubits on the move.

. Spd

o Supt ¥ A, Bonsangled
Aliee ot

-

Notice that ‘WE moves from the lower-left corner in Alice’s possession to
the upper-right corner in Bob’s possession. Mission accomplished!




Remarks

« Alice is no longer in possession of the original state. She has only
two classical bits.

* To “teleport” a single quantum particle, Alice has to send two
classical bits. Without these Bob cannot know what he has. The
classical bits travel via a classical channel (less than the speed of
light). So entanglement does not allow you to communicate faster
than the speed of light.

« aand B were arbitrary complex numbers. So they could have had an
infinite decimal expansion. This potentially infinite amount of
information goes from Alice to Bob via only two bits. However, it is
passed as a qubit and useless to Bob. As soon as he measures the
qubit, it will collapseto a bit.

« Is it teleportation? No particle has been moved at all! However, two
particles having exactly the same quantum state are, from a
standpoint of physics, indistinguishable and can therefore be treated
as the same particle.

Hardware

» Do we actually know how to build a quantum computer?

» Formidable challenge to engineers and applied
physicists

» Considering the amount of resources (academia, private
sector, military) it would not be surprising if noticeable
progress will be made in the near future.

« Disclaimer: area of research that requires a deep
background in quantum physics and quantum
engineering. Therefore a rather elementary discussion.

Goals and challenges

» Generic architecture:
— Number of addressable qubits
— Capable of initializing them properly
— Apply a sequence of unitary transformations
— Finally measuring them.

« |nitialization: set machine in a well-defined state

— Problem: entanglement between subsystems
regardless their physical separation

— Entanglement between machine and environment

(&)@ d e

» Mixed state

— Problem:
« No idea about the precise state of the environment’s
electrons

« No details of their interaction with the electrons in the
quantum register.

Pure and mixed states

»  What's the difference?
|0)+exp(8)1)
V2

« For every choice of the angle 6, there is a distinct pure state.

+ Consider the following family of spin states: |w,) =

« Each state is characterized by a specific relative phase (difference
between angles of |0> and |1> in the polar representation).

» How can we detect their difference?
— In standard basis will not work

— A change of basis will do: the average spin value A along the x-axis
depends on 6 (see book): A = cos(G%J

— Tossing a coin contains no relative phase — mixed state.

» The loss of purity of the state of a quantum system as the result of
interaction with the environment is known as decoherence.

Decoherence

* We always implicitly assumed that we knew exactly how the
environment affects the quantum system.

* More realistic scenario: a single electron is immersed in a vast
environment, e.g., a single external electron.

» Electron has become entangled with another electron
|00) + expfo)11)
"//glubal> = -z
*  What is the spin of our electron in the x-direction? 0 instead of a

dependence on 6! (see book) It turns out that we should measure
both electrons to get the dependence on 6.

» In general: we should measure all electrons of the environment. This
is impossible, so our pure state is turned into a mixed one.

» Decoherence does not collapse the state vector: all information is
still available!




Challenge due to decoherence

« On the one hand, adopting basic quantum systems that
are very prone to “hook up” with the environment makes
it difficult to manage the state of the machine.

* On the other hand, we do need to interact with the
quantum device. Systems that tend to stay aloof makes
it difficult to access their states.

» Can we hope to build a reliable quantum computing
device if decoherence plays such an important role?
— Fast gates execution: make decoherence sufficient slow
compared to our control.
— Fault-tolerance:
* Quantum error-correcting codes
« Repeat calculations

DiVincenzo’s wish list

1. The quantum machine must have a sufficient
large number of individually addressable
qubits.

2. It must be possible to initialize all the qubits to
the zero state.

3. The error rate in doing computations should be
reasonable low, i.e., decoherence time must
be substantially longer than gate operation
time.

4. We should be able to perform elementary
logical operations between pairs of qubits.

5. Finally, we should be able to reliably read out
the results of measurements.

Implementing a quantum computer

» A qubitis a state vector in a two-dimensional Hilbert
space.

« Any physical quantum system whose state space has
dimension 2N can, in principle, be used to store an
addressable sequence of N qubits.

* Options
— Standard: quantum system with a two-dimensional state space.
— Quantum register can be implemented by a number of copies.
— Canonical two-dimensional quantum systems are particles with
spin, e.g., electrons and single atoms.

— Another choice is excited states of atoms.

lon traps

» Oldest, most popular proposal

» Core idea: an ion is an electrically charged atom. Two types:
— Positive ions or cations (lost one or more electrons)
— Negative ions or anions (acquired some electrons)

» lons can be acted upon by means of an electromagnetic field, or
even better they can be confined in a specific volume, known as ion
trap

» Practice: Ca*

How are qubits encoded? Ground state and exited state.

Initialization:
— Optical pumping: a laser pumps energy into an atom, that absorbs a photon, and
raises from ground state to excited state. It can lose energy by emitting a photon.
— Initialization of a register to some initial state possible with a high degree of fidelity
(almost 100%).

Manipulation:
— Single-qubit rotation: by “hitting” the single ion with a laser pulse of a given amplitude,
frequency, and duration, one can rotate its state appropriately.
— Two-qubit gates: the ions in the trap are strung together by what is known as their
common vibrational modes. A laser can affect their common mode, achieving the
desired entanglement.

Measurement:
— Two main long-lived states |0> and |1>, and also a short-lived state |s> in the middle
of [0>and [1>.
— Ifion is in ground state, gets pushed to |s>, it will revert to ground state and emits a
photon. Ifitis in the excited state, it will not. Repeat this many times, and detect if
photons are emitted to establish where the qubit is.

+ and — of ion trap

* On the plus side
— Mode has a long coherence time, order 1-10s.
— Measurements quite reliable, close to 100%.
— Qubits can be transported around in the computer.

* On the minus side
— lon trap is slow in terms of gate time (order of 10ms)

— Not apparent how to scale the optical part to
thousands of qubits.




Linear optics

* Qubits:
— Polarized photons

« Initialization:
— Polarization filter

* Gates:
— Nontrivial, since photons have a tendency to stay aloof

— Implement some small universal set of quantum gates, e.g.,
controlled NOT gate

* Measurement:
— Polarization filters and single-photon detectors.

Optical controlled-NOT gate

Linear optics quantum computing (LOQC)

LOQC-based controlled-NOT gate

+ and — of the optical scheme

* On the plus side:
— Light travels. This means that quantum gates and
quantum memory devices can be easily connected
via optical fibers.

* On the minus side:
— Itis not easy for photons to become entangled. Also
a plus wrt decoherence, but it makes gate creation
challenging.

Nuclear Magnetic Resonance
(NMR)
Idea: encode qubits not as single particles or atoms, but
as global spin states of many molecules in some fluid.

These molecules float in a cup which is placed in an
NMR machine.

Contains plenty built-in redundancy — maintain
coherence for a relatively long time span (several
seconds).

1998: first two-qubit NMR computers.

Superconductor Quantum
Computers (SQP)

* NMR uses fluids, SQP employs superconductors.

» By means of Josephson junctions — thin layers of nonconducting
material sandwiched between two pieces of superconducting metal.

» At very low temperatures, electrons within a superconductor pair up
to form a “superfluid” flowing with no resistance and as a single,
uniform wave pattern.

» The current flows back and forth through the junction, like a ping-
pong ball, in a rhythmic fashion.

» Implementation of qubits:
— Through the Josephson junction qubit
— The |0> and |1> states are represented by the two lowest-frequency
oscillations of the currents.

Where are we now?

In 2001 the first execution of Shor’s algorithm was
carried out at IBM’s Almaden Research Center and
Stanford University: 15 =5 x 3!

In 2005 a 12-bit NMR quantum register was
benchmarked. Scalability seems to be a major hurdle.

Recent news: NIST Road Map

— NIST = US National Institute of Science and Technology
— Major directions toward quantum hardware

— http://qist.lanl.gov/gcomp_map.shtml

Companies whose main business is developing
Quantum Computing.




Future of Quantum Ware

* Quantum computing may become a reality in the future,
perhaps even in the relatively near future.

« Likely that many areas of information technology will be
affected, in particular communication and cryptography.

« If sizeable quantum devices become available: impact of
artificial intelligence.

« Science fiction...

* The dreams of today are the reality of tomorrow.

Exam

Date: Mon Jan 11t 10-13h (not Jan 25t!)
Location: to be determined

Book: chapters 1, 2, 3, 4, 5, 6, 9 &11




